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Fe
at

u
re

 E
xt

ra
ct

io
n

𝑇 ∈ ℝ𝑟1×𝑐1

𝐼1 ∈ ℝ𝑟2×𝑐2

𝑿𝟏 ∈ ℝ𝑑×𝑁1

𝑿𝟐 ∈ ℝ𝑑×𝑁2

M
at

ch
er

(𝑑 ≪ 𝑟 × 𝑐)







•



•

•

•

•

•

•







ℝ𝟏𝟐𝟖









•

•



•

•

•

•



𝐸𝑥,𝑦 𝑟, 𝑐 = 

𝑢,𝑣 ∈𝑈𝑟,𝑐

𝐼 𝑢, 𝑣 − 𝐼(𝑢 − 𝑥, 𝑣 − 𝑦) 2

𝑟

𝐼𝑐 𝑐 + 𝑥

𝑟 + 𝑦

𝐼 𝑢, 𝑣 , 𝑢, 𝑣 ∈ 𝑈𝑟,𝑐

𝐼 𝑢 − 𝑥, 𝑣 − 𝑦 , 𝑢, 𝑣 ∈ 𝑈𝑟,𝑐



(𝑟, 𝑐)

(𝑟 + 𝑥, 𝑐 + 𝑦)



ℓ2

−

2

𝐸𝑥,𝑦 𝑟, 𝑐 =

2



ℓ2

−

2

𝐸𝑥,𝑦 𝑟, 𝑐 =

2



𝑥, 𝑦
(𝑟 + 𝑥, 𝑐 + 𝑦) (𝑟, 𝑐)

(𝑟, 𝑐)

𝑟 + 𝑥, 𝑐 + 𝑦 , (𝑥, 𝑦)



ℓ2

−

2

𝐸𝑥,𝑦 𝑟, 𝑐 =

𝒓 + 𝒙, 𝒄 + 𝒚

𝒓, 𝒄

2



𝑟, 𝑐

(𝑟, 𝑐)



𝑟, 𝑐

𝐸𝑥,𝑦 𝑟, 𝑐 ≫ 0, ∀ (𝑥, 𝑦)

(𝑟, 𝑐)

𝑟 + 𝑥, 𝑐 + 𝑦 , (𝑥, 𝑦)



ℓ2

−

2

𝐸𝑥,𝑦 𝑟, 𝑐 =

• 𝑟, 𝑐

•

𝑟 + 𝑥, 𝑐 + 𝑦

𝑟, 𝑐







• (𝑟, 𝑐)

• 𝑈𝑟,𝑐

• 𝐸𝑥,𝑦 𝑟, 𝑐

𝑟, 𝑐
(𝑟 − 𝑥, 𝑐 − 𝑦)

• 𝑈𝑟,𝑐 (𝑢, 𝑣)

(𝑟, 𝑐)

𝑈𝑟,𝑐 

(𝑟 − 𝑥, 𝑐 − 𝑦)



𝐸𝑥,𝑦 𝑟, 𝑐 = 

𝑢,𝑣 ∈𝑈𝑟,𝑐

𝑤𝑟,𝑐(𝑢, 𝑣) 𝐼 𝑢, 𝑣 − 𝐼(𝑢 − 𝑥, 𝑣 − 𝑦) 2

𝑥, 𝑦 ∈ 1,0 , 0,1 , −1,0 , 0, −1

𝑤𝑟,𝑐 (𝑟, 𝑐)

𝑈𝑟,𝑐



𝐸𝑥,𝑦 

𝑥, 𝑦

𝐻𝑀 𝑟, 𝑐 = 𝑇𝛾 min
𝑥,𝑦

𝐸𝑥,𝑦 𝑟, 𝑐

𝑇𝛾 𝛾

𝐻𝑀(𝑟, 𝑐)



𝑤𝑟,𝑐

𝐸𝑥,𝑦 𝑟, 𝑐 = 

𝑢,𝑣 ∈𝑈𝑟,𝑐

𝑤𝑟,𝑐(𝑢, 𝑣) 𝐼 𝑢, 𝑣 − 𝐼(𝑢 − 𝑥, 𝑣 − 𝑦) 2



𝑥, 𝑦

𝐸𝑥,𝑦 𝑟, 𝑐 = 

𝑢,𝑣 ∈𝑈𝑟,𝑐

𝑤𝑟,𝑐(𝑢, 𝑣) 𝐼 𝑢, 𝑣 − 𝐼(𝑢 − 𝑥, 𝑣 − 𝑦) 2

𝐼(𝑢 − 𝑥, 𝑣 − 𝑦)

𝐼 𝑢 − 𝑥, 𝑣 − 𝑦 = 𝐼 𝑢, 𝑣 + 𝑥𝐼𝑥 𝑢, 𝑣 + 𝑦𝐼𝑦 𝑢, 𝑣 + 𝑂(𝑥2, 𝑦2)

𝐼𝑥(⋅) =
𝜕

𝜕𝑥
𝐼(⋅) 𝐼𝑦(⋅) =

𝜕

𝜕𝑦
𝐼(⋅)

𝐸𝑥,𝑦 𝑟, 𝑐 = 

𝑢,𝑣∈𝑈𝑟,𝑐

𝑤𝑟,𝑐(𝑢, 𝑣) 𝑥𝐼𝑥 𝑢, 𝑣 + 𝑦𝐼𝑦 𝑢, 𝑣 + 𝑂 𝑥2, 𝑦2
2



𝐸𝑥,𝑦 𝑟, 𝑐

𝐸𝑥,𝑦 𝑟, 𝑐 ≈ 

𝑢,𝑣∈𝑈𝑟,𝑐

𝑤𝑟,𝑐(𝑢, 𝑣) 𝑥𝐼𝑥 𝑢, 𝑣 + 𝑦𝐼𝑦 𝑢, 𝑣
2

𝐸𝑥,𝑦 𝑟, 𝑐

≈ 

(𝑢,𝑣)∈𝑈𝑟,𝑐

𝑤𝑟,𝑐 𝑢, 𝑣 𝑥2𝐼𝑥
2 𝑢, 𝑣 + 𝑦2𝐼𝑦

2 𝑢, 𝑣 + 2𝑥𝑦𝐼𝑥 𝑢, 𝑣 𝐼𝑦 𝑢, 𝑣

≈ 𝑥2 

𝑢,𝑣 ∈𝑈𝑟,𝑐

𝑤𝑟,𝑐 𝑢, 𝑣 𝐼𝑥
2 𝑢, 𝑣 + 𝑦2 

𝑢,𝑣 ∈𝑈𝑟,𝑐

𝑤𝑟,𝑐 𝑢, 𝑣 𝐼𝑦
2 𝑢, 𝑣 +

+2𝑥𝑦 

𝑢,𝑣 ∈𝑈𝑟,𝑐

𝑤𝑟,𝑐 𝑢, 𝑣 𝐼𝑥 𝑢, 𝑣 𝐼𝑦(𝑢, 𝑣)



𝐸𝑥,𝑦 𝑟, 𝑐 ≈ 𝑥, 𝑦  𝑀𝑟,𝑐

𝑥
𝑦

𝑀𝑟,𝑐 =
(𝐼𝑥

2⊛ 𝑤)(𝑟, 𝑐) (𝐼𝑥 𝐼𝑦 ⊛ 𝑤)(𝑟, 𝑐)

(𝐼𝑥 𝐼𝑦 ⊛ 𝑤)(𝑟, 𝑐) (𝐼𝑦
2 ⊛ 𝑤)(𝑟, 𝑐)

≐
𝐼𝑥

2 ⊛ 𝑤 𝐼𝑥 𝐼𝑦 ⊛ 𝑤 

𝐼𝑥 𝐼𝑦 ⊛ 𝑤 𝐼𝑦
2 ⊛ 𝑤 

(𝑟, 𝑐)

• 𝐼𝑥 𝐼𝑦

• 𝑥, 𝑦



𝑬𝒙,𝒚 𝒓, 𝒄 𝒓, 𝒄
𝒙, 𝒚

𝐸𝑥,𝑦 𝑟, 𝑐 ≈ 𝑥, 𝑦
(𝐼𝑥

2⊛ 𝑤)(𝑟, 𝑐) 𝐼𝑥 𝐼𝑦 ⊛ 𝑤 𝑟, 𝑐

(𝐼𝑥 𝐼𝑦 ⊛ 𝑤)(𝑟, 𝑐) 𝐼𝑦
2 ⊛ 𝑤 𝑟, 𝑐

𝑥
𝑦

𝑬𝒙,𝒚 𝒓, 𝒄 (𝑥, 𝑦)
𝑀𝑟,𝑐

(𝑟, 𝑐)

𝑴𝒓,𝒄



𝑀𝑟,𝑐

𝑟, 𝑐



min
[𝑥,𝑦]

𝑥, 𝑦 𝑀
𝑥
𝑦 , given 𝑥, 𝑦 2 = 1



min
[𝑥,𝑦]

𝑥, 𝑦 𝑀
𝑥
𝑦 , given 𝑥, 𝑦 2 = 1

𝑟, 𝑐 𝜆1 ≫ 𝜆2



𝑬

(𝑥, 𝑦)

2
“Corner”

1 and 2 are 

large,

 1 ~ 2;

E increases in 

all directions

“Edge” 

1 >> 2

“Edge” 

2 >> 1

“Flat”

 region

1𝜆1 𝜆2

𝑀

• 𝑆𝑉𝐷(𝑀𝑟,𝑐 )

𝑀𝑟,𝑐

• 𝐸𝑥,𝑦 𝑟, 𝑐

(𝑥, 𝑦)



𝑬

(𝑥, 𝑦)

2
“Corner”

1 and 2 are 

large,

 1 ~ 2;

E increases in 

all directions

“Edge” 

1 >> 2

“Edge” 

2 >> 1

“Flat”

 region

1𝜆1 𝜆2

𝑀

• 𝑆𝑉𝐷(𝑀𝑟,𝑐 )

𝑀𝑟,𝑐

• 𝐸𝑥,𝑦 𝑟, 𝑐

(𝑥, 𝑦)



𝑇𝑟 𝑀 = 𝜆1 + 𝜆2

det 𝑀 = 𝜆1 ⋅ 𝜆2

det 𝑀 − 𝑘 𝑇𝑟(𝑀)

𝝀𝟏 𝝀𝟐

𝑘 = 0.04.



 

 

 

 





𝑀𝑟,𝑐 =
(𝐼𝑥

2⊛ 𝑤)(𝑟, 𝑐) 𝐼𝑥 𝐼𝑦 ⊛ 𝑤 𝑟, 𝑐

(𝐼𝑥 𝐼𝑦 ⊛ 𝑤)(𝑟, 𝑐) 𝐼𝑦
2 ⊛ 𝑤 𝑟, 𝑐

𝐽𝑥
2 = 𝐼𝑥

2 ⊛ 𝑤, 𝐽𝑦
2 = 𝐼𝑦

2 ⊛ 𝑤, 𝐽𝑥𝑦 = 𝐼𝑥𝐼𝑦 ⊛ 𝑤,

𝑤

𝑇𝑟 𝑀𝑟,𝑐 = 𝐽𝑥
2 𝑟, 𝑐 + 𝐽𝑦

2 𝑟, 𝑐 = 𝐼𝑥
2 + 𝐼𝑦

2 ⊛ 𝑤 (𝑟, 𝑐)

det 𝑀𝑟,𝑐 = 𝐽𝑥
2 𝐽𝑦

2 𝑟, 𝑐 − 𝐽𝑥𝑦
2 (𝑟, 𝑐)



𝑇𝑟 𝑀 = 𝜆1 + 𝜆2

det 𝑀 = 𝜆1 ⋅ 𝜆2

det 𝑀 − 𝑘 𝑇𝑟(𝑀)

𝝀𝟏 𝝀𝟐 𝑘 = 0.04.

𝐽𝑥
2 = 𝐼𝑥

2 ⊛ 𝑤, 𝐽𝑦
2 = 𝐼𝑦

2 ⊛ 𝑤 𝐽𝑥𝑦 = 𝐼𝑥𝐼𝑦 ⊛ 𝑤

𝑆𝑉𝐷 𝑀

𝐶𝐼𝑀 = 𝐽𝑥
2𝐽𝑦

2 − 𝐽𝑥𝑦
2 − 𝑘 𝐽𝑥

2 + 𝐽𝑦
2



 

 

 

 





𝑇𝑟 𝑀 = 𝜆1 + 𝜆2

det 𝑀 = 𝜆1 ⋅ 𝜆2

det 𝑀 − 𝑘 𝑇𝑟(𝑀)

𝝀𝟏 𝝀𝟐 𝑘 = 0.04.

𝐽𝑥
2 = 𝐼𝑥

2 ⊛ 𝑤, 𝐽𝑦
2 = 𝐼𝑦

2 ⊛ 𝑤

𝐽𝑥𝑦 = 𝐼𝑥𝐼𝑦 ⊛ 𝑤

𝑆𝑉𝐷 𝑀

𝐶𝐼𝑀 = 𝐽𝑥
2𝐽𝑦

2  − 𝐽𝑥𝑦
2 − 𝑘 𝐽𝑥

2 + 𝐽𝑦
2



𝑘

𝐶𝑀 =
det(𝑀)

𝑇𝑟 𝑀 + 𝜖

𝐶𝑀 =
𝐽𝑥

2𝐽𝑦
2 − 𝐽𝑥𝑦

2

𝐽𝑥
2 + 𝐽𝑦

2 + 𝜖



 

 

 

 













•

•



•

•

•

•



•

•

•

•









• 𝐼

•

𝑰
𝐺𝜎 𝜎.

𝐿 𝑥, 𝑦, 𝜎 = (𝐺𝜎  ⊛ 𝐼)(𝑥, 𝑦)



𝐿 ⋅,⋅, 1



𝐿 ⋅,⋅, 2



𝐿 ⋅,⋅, 3



𝐿 ⋅,⋅, 4



𝐿 ⋅,⋅, 5



𝐿 ⋅,⋅, 6



𝐿 ⋅,⋅, 7



𝐿 ⋅,⋅, 8



𝐷 𝑥, 𝑦, 𝜎 = 𝐿 𝑥, 𝑦, 𝑘𝜎 − 𝐿 𝑥, 𝑦, 𝜎

𝐷 𝑥, 𝑦, 𝜎 = ((𝐺𝑘𝜎 −𝐺𝜎) ⊛ 𝐼)(𝑥, 𝑦) 

(𝐺𝑘𝜎 −𝐺𝜎)

(𝐺𝑘𝜎 −𝐺𝜎)



𝐷 𝑥, 𝑦, 𝜎 = 𝐿 𝑥, 𝑦, 𝑘𝜎 − 𝐿 𝑥, 𝑦, 𝜎

𝐷 𝑥, 𝑦, 𝜎 = ((𝐺𝑘𝜎 −𝐺𝜎) ⊛ 𝐼)(𝑥, 𝑦) 

(𝐺𝑘𝜎 −𝐺𝜎)

(𝐺𝑘𝜎 −𝐺𝜎)



𝐿 ⋅,⋅, 8







𝐺𝜎 − 𝐺𝑘𝜎



𝐺𝜎 − 𝐺𝑘𝜎



𝐺𝜎 − 𝐺𝑘𝜎





𝐿 𝑥, 𝑦, 𝑘𝜎𝐿 𝑥, 𝑦, 𝜎 𝐷 𝑥, 𝑦, 𝜎





4

1

2=









𝐷𝐿



•

•

•

•



•

•

𝐷 𝑥, 𝑦, 𝜎1

𝐷 𝑥, 𝑦, 𝜎2

𝐷 𝑥, 𝑦, 𝜎3



)()(  yyxx LL +













(𝑟, 𝑐, 𝑠)





{ 𝑟, 𝑐, 𝜎 𝑖}



•

•

•

•

•



𝐷 𝑟, 𝑐, 𝜎 = 𝐷 𝑟′, 𝑐′, 𝜎′



𝐷
𝑟,

𝑐,
𝜎

𝐷
𝑟

′ ,𝑐
′ ,𝜎

𝜎𝜎



𝜎𝜎

𝐷
𝑟,

𝑐,
𝜎

𝐷
𝑟

′ ,𝑐
′ ,𝜎



K. Grauman, B. Leibe
𝜎𝜎

𝐷
𝑟,

𝑐,
𝜎

𝐷
𝑟

′ ,𝑐
′ ,𝜎



𝜎𝜎

𝐷
𝑟,

𝑐,
𝜎

𝐷
𝑟

′ ,𝑐
′ ,𝜎



𝜎𝜎

𝐷
𝑟,

𝑐,
𝜎

𝐷
𝑟

′ ,𝑐
′ ,𝜎



𝐷
𝑟,

𝑐,
𝜎

𝐷
𝑟

′ ,𝑐
′ ,𝜎

𝜎′𝜎



𝐷
𝑥

,𝑦
,𝜎

𝐷
𝑥

′ ,𝑦
′ ,𝜎

𝜎′𝜎



𝐷 𝑟, 𝑐, 𝜎 = 𝐷 𝑟′, 𝑐′, 𝜎′



• (𝑟, 𝑐) ො𝜎

•

𝐿(⋅,⋅, ො𝜎)

•



• 𝒓, 𝒄, 𝝈

( Ƹ𝑟, Ƹ𝑐, ො𝜎)

• 𝐷( Ƹ𝑟, Ƹ𝑐, ො𝜎)

|𝐷 Ƹ𝑟, Ƹ𝑐, ො𝜎 | < 0.3

• 𝐷

 𝐻 =
𝐷𝑥𝑥 𝐷𝑥𝑦

𝐷𝑥𝑦 𝐷𝑦𝑦



(a) 233x189 image
(b) 832 DOG extrema
(c) 729 left after peak
      value threshold
(d) 536 left after testing
      ratio of principle
      curvatures



(𝑟, 𝑐)
𝐿(⋅,⋅, 𝜎) 𝑟, 𝑐





{ 𝑟, 𝑐, 𝜎 𝑖}

{ Ƹ𝑟, Ƹ𝑐, ො𝜎 𝑖}





𝑟, 𝑐
𝐿(⋅,⋅, ො𝜎)

𝑥, 𝑦 𝑟, 𝑐

• 𝜃(𝑥, 𝑦)

• 𝑚(𝑥, 𝑦)

•

• (𝑟, 𝑐)



(𝑟, 𝑐)



•

•

ො𝜎
ො𝜎









መ𝜃1መ𝜃2











• ො𝑥, ො𝑦

• ො𝜎

• መ𝜃



•

ො𝑥, ො𝑦 ෝ𝝈

• 𝜽







𝑣 4 × 4 × 8



𝑣 4 × 4 × 8



Input region

𝐱 ∈ ℝ128

SIFT descriptor











•

•

𝑣 →
𝑣

𝑣 2

𝑣 𝑣





•

•

•

•

•





𝑆 𝐼

𝑆 𝑥, 𝑦 = 

𝑟≤𝑦,𝑐≤𝑥

𝐼(𝑟, 𝑐)

𝑦

𝑥

𝑆 𝑥, 𝑦



𝑟≤𝑦,𝑐≤𝑥

𝐼(𝑟, 𝑐)

𝑦

𝑥
𝐼 𝑆




𝑦1≤𝑟≤𝑦2,
𝑥1≤𝑐≤𝑥2

𝐼(𝑟, 𝑐) = 𝑆 𝑥2, 𝑦2 − 𝑆 𝑥2, 𝑦1 − 𝑆 𝑥1, 𝑦2 + 𝑆(𝑥1, 𝑦1)

𝑦2

𝑥2


𝑦1≤𝑟≤𝑦2,
𝑥1≤𝑐≤𝑥2

𝐼(𝑟, 𝑐)

𝑥1

𝑦1

𝑦2

𝑥2𝑥1

𝑦1

𝑆 𝑥2, 𝑦2

𝑆 𝑥2, 𝑦1

𝑆 𝑥1, 𝑦2

𝑆(𝑥1, 𝑦1)



[FREAK] A. Alahi, R. Ortiz, and P. Vandergheynst, "Freak: Fast retina keypoint," in CVPR 2012
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𝒛 ෝ𝒚 𝒚

𝑧 = 𝑦 + 𝜂 , 𝜂 ∼ 𝒩(0, 𝜎2) ො𝑦 ≈ 𝑦





𝒛 = 𝓡 𝒚 + 𝜼





𝜙0 ෝ𝒙 ≷ Γ

ෝ𝒙 = argmin
𝒙

𝟏

𝟐
𝑫𝒙 − 𝒛 𝟐

𝟐 + 𝝀 𝒙 𝟏



መ𝜃 = argmin
𝜃



𝒙𝒊

𝜌 dist(𝒙𝒊, ℳ𝜃)
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