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•



•



𝑧 = 𝐻𝑦 + 𝜂

𝑦, 𝑧, 𝜂 ∈ ℝ𝑑

• 𝑦

• 𝑧

• 𝜂

𝐻 ∈ ℝ𝑑×𝑑



𝑧 = 𝐻𝑦 + 𝜂

𝐻𝑦 𝐻𝑦 = (𝑦 ⊛ ℎ)



𝑧 = 𝐻𝑦 + 𝜂

𝐻𝑦 𝐻𝑦 = 𝑦 ⊛ ℎ

𝐻



•

•

•

•

•

•



𝑦 ℎ

𝑧 = (𝑦 ⊛ ℎ)

ℎ

𝑍 = 𝑌𝐻

𝐻 = 0

𝜖 > 0





Giacomo Boracchi



𝑧 = 𝐻𝑦 + 𝜂



𝑧 = 𝐻𝑦 + 𝜂

𝐻





𝑧



ො𝑦



𝑧



ො𝑦



𝑧 𝑥 = 𝑦 𝑥 + 𝜂 𝑥 , 𝑥 ∈ 𝒳

𝑧 𝑦 𝜂

= +



𝑧 𝑥 = 𝑦 𝑥 + 𝜂 𝑥 , 𝑥 ∈ 𝒳

• 𝑥 𝒳 ⊂ ℤ2

• 𝑦

• 𝑧

• 𝜂

𝜂 ∼ 𝑁(0, 𝜎2) 𝜂(𝑥)

𝜎



ො𝑦
𝑦 𝑧

𝑧 ො𝑦



•

•

•





𝑦(𝑥) 𝑧(𝑥) 𝑧
𝑥

ො𝑦 𝑥 = E 𝑧 𝑥]



𝑧 𝑥 = 𝑦 𝑥 + 𝜂 𝑥 , 𝑥 ∈ 𝒳

ො𝑦 𝑥 = E 𝑧 𝑥]



𝑪
𝑈0 𝑥0

ො𝑦 𝑥0 = argmin
𝐶

෍

𝑥∈ 𝑈0

𝑧 𝑥 − 𝐶 2

𝐸𝜂 ො𝑦 = 𝑦

𝑈0

ො𝑦 𝑥0 =
1

#𝑈0
෍

𝑥∈ 𝑈0

𝑧 𝑥



𝑧 𝑥
𝑈𝑥 𝑥





𝑪

ො𝑦ℎ 𝑥0 = argmin
𝐶

෍

𝑥𝑠∈ 𝒳

𝑤 𝑥0 − 𝑥𝑠 𝑧 𝑥𝑠 − 𝐶 2

𝑤 = 𝑤 𝑥 s. t. ෍

𝑥𝑠∈ 𝒳

𝑤 𝑥𝑠 = 1

𝑧

ො𝑦 𝑥0 = (𝑧 ⊛𝑤)(𝑥0)





𝑦

𝑦 𝑋





mailto:giacomo.boracchi@polimi.it
https://boracchi.faculty.polimi.it/






•

𝑦0

•

𝑦𝑠 𝑦0



involved



Pixels where 

the true signal 

is estimated



involved



Pixels where 

the true signal 

is estimated





• 𝑦

•

•

•



•

•

𝑦(𝑥) 𝑧(𝑥) 𝑧 𝑥

ො𝑦 𝑥 = E 𝑧 𝑥]





ො𝑦

ො𝑦 𝑥1 =
1

𝑊1
෍

𝑥2∈𝒳

𝑤 𝑥1, 𝑥2 𝑧 𝑥2 , ∀𝑥1 ∈ 𝒳

{𝑤(𝑥1, 𝑥2)}

𝑊1 ො𝑦(𝑥1)

𝑊1 = ෍

𝑥2∈𝒳

𝑤 𝑥1, 𝑥2



𝑥1 𝑥2

𝑤 𝑥1, 𝑥2 = 𝑓𝑟 𝑧 𝑥1 − 𝑧 𝑥2 𝑔𝑠 𝑥1 − 𝑥2

𝑓𝑟 𝑔𝑠

𝑓𝑟 𝑥1, 𝑥2 = 𝑒
−

𝑧 𝑥1 −𝑧 𝑥2
2

2𝜎𝑟
2

, 𝑔𝑠 𝑥1, 𝑥2 = 𝑒
−
|𝑥1−𝑥2|

2

2𝜎𝑠
2

𝜎𝑟 𝜎𝑠



•

•

𝑓𝑟 = 1?



















•





𝑈 ⊂ ℤ2

0,0 ∈ ℤ2

• 𝑥 ∈
𝑋 𝑧

𝒛𝒙 𝑢 = 𝑧 𝑥 + 𝑢 , 𝑢 ∈ 𝑈

• 𝑥 ∈ 𝑋
𝑦

𝒚𝒙 𝑢 = 𝑦 𝑥 + 𝑢 , 𝑢 ∈ 𝑈



𝑦(𝑥1) 𝑦(𝑥2)
𝒛𝑥1 𝒛𝑥2

||𝒛𝑥1 − 𝒛𝑥2||2
𝑧 𝑥1 − 𝑧 𝑥2



𝑑 𝑥1, 𝑥2 = ෍

𝑢∈𝑈

𝑧 𝑥1 + 𝑢 − 𝑧 𝑥2 + 𝑢
2
𝒌(𝑢)

𝒌: 𝑈 → ℝ+ 𝒌 𝑤



𝒌: 𝑈 → ℝ+

𝑢

𝑑

𝒌 𝑦(𝑥1) 𝑦(𝑥2)
𝑦(𝑥1 + 𝑢) 𝑦(𝑥2 + 𝑢) 𝑢 ≠ 0

𝒌: 𝑈 → ℝ+



ො𝑦

ො𝑦 𝑥1 = ෍

𝑥2∈𝑋

𝑤 𝑥1, 𝑥2 𝑧 𝑥2 , ∀𝑥1 ∈ 𝑋

{𝑤(𝑥1, 𝑥2)}
𝒛𝑥1 𝒛𝑥2

𝑤 𝑥1, 𝑥2 =
𝑒

−
𝑑(𝑥1,𝑥2)

ℎ2

σ𝑋 𝑒
−
𝑑(𝑥1,𝑥2)

ℎ2

• 𝑑(𝑥1, 𝑥2) 𝑥1 𝑥2
• ℎ > 0 ℎ = 𝜎

• 𝒛𝑥1 𝒛𝑥2 ⇒ 𝑑(𝑥1, 𝑥2) ⇒ 𝑤(𝑥1, 𝑥2)

•







• 𝑦
ො𝑦 𝑥 = E 𝑧 𝑥]

•

∀𝑥 ∈ 𝑋, ∃ ෩𝑈𝑥 s. t. 𝑦| ෩𝑈𝑥 is a polynomial

•

•
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𝑔𝜃,ℎ 𝜃,ℎ

• 𝜃

• ℎ

http://www.cs.tut.fi/~lasip/
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∀𝑥 ∈ 𝑋
෩𝑈𝑥

𝑥
෩𝑈𝑥

ො𝑦 𝑥 = E 𝑧 𝑥, ෩𝑈𝑥]

http://www.cs.tut.fi/~lasip/


𝒑 𝑚
𝑥0

Ƹ𝑝 = argmin
𝑝 ∈ 𝒫𝑚

෍

𝑥𝑠∈ 𝒳

𝑤 𝑥0 − 𝑥𝑠 𝑧 𝑥𝑠 − 𝑝(𝑥𝑠)
2

where 𝑤 = 𝑤 𝑥 s. t. ෍

𝑥𝑠∈ 𝒳

𝑤 𝑥𝑠 = 1

ො𝑦 𝑥0 = Ƹ𝑝(𝑥0)

𝑧 𝑔
𝑚 𝑤

ො𝑦 𝑥0 = (𝑧 ⊛ 𝑔)(𝑥0)



𝑤

𝑤ℎ,𝜃 = 𝑤𝜃
⋅

ℎ
𝜃

𝜃 ∈ Θ ℎ ∈ 𝐻
𝑔𝜃,ℎ

ො𝑦𝜃,ℎ 𝑥0 = 𝑧⊛ 𝑔𝜃,ℎ (𝑥0)

𝜃 ℎ∗



ℎ

• ℎ

• ℎ



ℐ𝑗
𝐷𝑗

ℐ𝑗 = ሩ

𝑖≤𝑗

𝐷𝑗

𝐷𝑖 = ො𝑦𝑖 𝑥0 − Γ𝜎𝑖 , ො𝑦𝑖 𝑥0 + Γ𝜎𝑖
𝜎𝑖

ො𝑦𝑖 Γ > 0

𝑗+ ℐ𝑗+
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ො𝑦 𝑥0 = ෍

𝜃∈Θ

𝜆 𝑥, 𝜃 ො𝑦ℎ+,𝜃(𝑥)

𝜆(𝑥, 𝜃)

𝜆 𝑥, 𝜃 =
𝜎−2 ℎ+, 𝜃, 𝑥

σ𝜃 𝜎
−2 ℎ+, 𝜃, 𝑥
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• 𝑦















𝒆𝒊 𝑖=1,…,𝑁 𝑉

෍

𝑖

𝑥𝑖𝒆𝑖 = 𝟎 ⇔ 𝑥𝑖 = 0 ∀𝑖



𝒆𝒊 𝑖=1,…,𝑑 𝑉

𝑉

∀ 𝒗 ∈ 𝑉, ∃ 𝑥𝑖 𝑖=1,…,𝑑 s. t. 𝒗 = ෍

𝑖

𝑥𝑖𝒆𝑖

𝑑 𝑉



{𝒆𝟏, 𝒆𝟐}

𝒆𝟏
𝒆𝟐



{𝒆𝟏, 𝒆𝟐}

𝒗 = 1.5 ∗ 𝒆𝟏 + (−1) ∗ 𝒆𝟐

𝒆𝟏
𝒆𝟐𝒗



{𝒆𝟏, 𝒆𝟐}

𝒆𝟏
𝒆𝟐

𝒗



𝒆𝒊 𝑖=1,…,𝑑 𝑉

∀ 𝒗 ∈ 𝑉, ∃ 𝑥𝑖 𝑖=1,…,𝑑 s. t. 𝒗 = ෍

𝑖

𝑥𝑖𝒆𝑖

𝒗 → 𝑥𝑖 𝑖=1,…,𝑑



𝒆𝒊 𝑖=1,…,𝑑 𝑉

∀ 𝒗 ∈ 𝑉, ∃ 𝑥𝑖 𝑖=1,…,𝑑 s. t. 𝒗 = ෍

𝑖

𝑥𝑖𝒆𝑖

𝒗 → 𝑥𝑖 𝑖=1,…,𝑑

∀ 𝒗 ∈ 𝑉, ∃ 𝑥𝑖 𝑖=1,…,𝑑 s. t. 𝒗 = ෍

𝑖

𝑥𝑖𝒆𝑖

𝒗 𝒗 → 𝑥𝑖 𝑖=1,…,𝑑



𝒆𝒊 𝑖=1,…,𝑑

𝒆𝒊
⊺𝒆𝒋 = 𝛿𝑖,𝑗

∀ 𝒗 ∈ 𝑉, ∃ 𝑥𝑖 𝑖=1,…,𝑑 s. t. 𝒗 = ෍

𝑖

𝑥𝑖𝒆𝑖

𝑥𝑖 = 𝒆𝒊
⊺𝒗 = 𝒗⊺𝒆𝒊

𝒆𝒊 𝑖=1,…,𝑑 𝑑 × 𝑑 𝐷

𝒙 = 𝑫⊺𝒗



116 3323

16 733

5 304

𝒗 =



116 3323

16 733

5 304

1 00

0 00

0 00

𝒗 =

𝒆𝟏 =



ℝ𝑑

116 3323

16 733

5 304

𝒗 =

𝒆𝟏 =



ℝ𝑑

116 3323

16 733

5 304

𝒗 =

𝒆𝟏 =



ℝ𝑑

116 3323

16 733

5 304

𝒗 =

𝒆𝟏 =



ℝ𝑑

116 3323

16 733

5 304

𝒗 =

𝒆𝟏 =



𝒆𝒊 𝑖=1,…,𝑑

𝒆𝒋 = zeros(1, 𝑑) 𝒆𝒋 𝑗 = 1

•

•

1 00

0 00

0 00

𝒆𝟏 =





𝑒−𝑖2𝜋(𝑢𝑥+𝑣𝑦) = cos 2𝜋 𝑢𝑥 + 𝑣𝑦 + 𝑖 sin 2𝜋 𝑢𝑥 + 𝑣𝑦

𝑦 = −
𝑢𝑥

𝑐
+ 𝑐



𝐹 𝑚, 𝑛 = ෍

𝑘=0

𝑀−1

෍

𝑙=0

𝑁−1

𝑓 𝑘, 𝑙 𝑒
−𝜋𝑖

𝑘𝑚
𝑀 +

𝑙𝑛
𝑁













•

•

•

•





𝒆𝒊 𝑖=1,…,𝑑

•

•

•

•





𝐷















𝑧
ෝ𝒙 𝒛

ො𝑥



𝑧
ෝ𝒙 𝒛

ො𝑥







Initial dictionary 
(overcomplete DCT) 64×256

𝜎 = 20)





𝜎 = 35)





𝜎 = 35)





𝑧𝑖 𝜂𝑖 = 𝑧𝑖 − 𝑦𝑖








