


•

•

•

•

•



•

•

•

•

•











Af
Bf



Af
Bf

Tffd BA ),(



Af
Bf

Tffd BA ),(



Af
Bf

Tffd BA ),(



𝑇 ∈ ℝ𝑟1×𝑐1

𝐼1 ∈ ℝ𝑟2×𝑐2

𝑿𝟏 ∈ ℝ𝑑×𝑁1

𝑿𝟐 ∈ ℝ𝑑×𝑁2

(𝑑 ≪ 𝑟 × 𝑐)



𝑇 ∈ ℝ𝑟1×𝑐1

𝐼1 ∈ ℝ𝑟2×𝑐2

𝑿𝟏 ∈ ℝ𝑑×𝑁1

𝑿𝟐 ∈ ℝ𝑑×𝑁2

(𝑑 ≪ 𝑟 × 𝑐)



𝑇 ∈ ℝ𝑟1×𝑐1

𝐼1 ∈ ℝ𝑟2×𝑐2

𝑿𝟏 ∈ ℝ𝑑×𝑁1

𝑿𝟐 ∈ ℝ𝑑×𝑁2

(𝑑 ≪ 𝑟 × 𝑐)





•

•

•

•

•



𝐼1 𝐼2
•

• 𝐼1 𝐼2
𝐼2

•

•

•



𝑋1 𝑋2 𝑇 𝐼

𝑋1 ∈ ℝ𝑑×𝑁1 𝑋2 ∈ ℝ𝑑×𝑁2



𝑋1 𝑋2 𝑇 𝐼

𝒙𝒊 ∈ 𝑋2 𝒙𝒋
𝒊 ∈ 𝑋1

𝒙𝒋
𝒊 = argmin

𝑥𝑗∈𝑋1

𝒙𝒊 − 𝒙𝒋
2

𝑋1 ∈ ℝ𝑑×𝑁1 𝑋2 ∈ ℝ𝑑×𝑁2



𝑋1 𝑋2 𝑇 𝐼

𝒙𝒊 ∈ 𝑋2 𝒙𝒋
𝒊 ∈ 𝑋1

𝒙𝒋
𝒊 = argmin

𝑥𝑗∈𝑋1

𝒙𝒊 − 𝒙𝒋
2

𝑋1 ∈ ℝ𝑑×𝑁1 𝑋2 ∈ ℝ𝑑×𝑁2



𝑂 𝑛









𝒙 𝑖













•



•

•



•

•

•



•

•

•

• →



•

•

•

• →



•

•

•

• →



𝑂 log 𝑛

•

→

•



•

• 1/𝛼





•

•





•

•

•

•

•



•

•



𝒙𝒊 ∈ 𝑋2
𝒙𝒋
𝒊 ∈ 𝑋1

(𝒙𝒊, 𝒙𝒋
𝒊)



𝒙𝒊
𝒙𝒊, 𝒙𝒋

𝒊 and (𝒙𝒊, 𝒙𝒌
𝒊 )

𝒙𝒊 − 𝒙𝒌
𝒊

2

𝒙𝒊 − 𝒙𝒋
𝒊

2

> 0.8

•

•























𝑁

𝑋 = { 𝑥1, 𝑦1 , … , (𝑥𝑁, 𝑦𝑁)}

𝑦 = 𝑚𝑥 + 𝑞

𝑚, 𝑞



𝑁

𝑋 = { 𝑥1, 𝑦1 , … , (𝑥𝑁, 𝑦𝑁)}

𝑦 = 𝑚𝑥 + 𝑞

𝑚, 𝑞

𝑟𝑖 = 𝑦𝑖 −𝑚𝑥𝑖 − 𝑞 k,…

𝑟𝑖 = 𝑦𝑖 −𝑚𝑥𝑖 − 𝑞

(𝑥𝑖 , 𝑚𝑥𝑖 − 𝑞)

(𝑥𝑖 , 𝑦𝑖)



𝐸 =෍

𝑖=1

𝑁

𝑟𝑖
2 =෍

𝑖=1

𝑁

𝑦𝑖 −𝑚𝑥𝑖 − 𝑞 2 =

𝑟𝑖 = 𝑦𝑖 − 𝑥𝑖 1
𝑚
𝑞

𝐸 =

𝑦1
…
𝑦𝑁

−
𝑥1 1
…

𝑥𝑁 1

𝑚
𝑞

2

2

ෝ𝑚, ො𝑞 = argmin
𝑚,𝑞

𝑌 − 𝑋
𝑚
𝑞

2

2



ෝ𝑚, ො𝑞 = argmin
𝑚,𝑞

𝑌 − 𝑋
𝑚
𝑞

2

2

𝜕

𝜕𝜃
𝑌 − 𝑋𝜃 2

2 = 0, 𝜃 =
𝑚
𝑞

𝜕

𝜕𝜃
𝑌 − 𝑋𝜃 2

2 = 2𝑋⊺(𝑋𝜃 − 𝑌)

2𝑋⊺ 𝑋 መ𝜃 − 𝑌 = 0 → መ𝜃 = 𝑋⊺𝑋 −1𝑋⊺𝑌



𝐸 =෍

𝑖=1

𝑁
𝑟𝑖
𝜎𝑖

2

𝜎𝑖 𝑟𝑖

2𝑋⊺𝑊𝑋 መ𝜃 = −𝑋⊺𝑊𝑌

𝑊 = diag
1

𝜎1
2 , … ,

1

𝜎𝑁
2





𝑁

𝑋 = { 𝑥1, 𝑦1 , … , (𝑥𝑁, 𝑦𝑁)}

𝑎𝑥 + 𝑏𝑦 + 𝑐 = 0

𝑎, 𝑏, 𝑐

𝐸 =෍

𝑖=1

𝑁

𝑎𝑥𝑖 + 𝑏𝑦𝑖 + 𝑐 2

𝑟𝑖 = 𝑎𝑥𝑖 + 𝑏𝑦𝑖 + 𝑐

k,…

𝑎𝑥𝑖 + 𝑏𝑦𝑖 + 𝑐

𝑎2 + 𝑏2

(𝑥𝑖 , 𝑦𝑖)



𝑁

𝑋 = { 𝑥1, 𝑦1 , … , (𝑥𝑁, 𝑦𝑁)}

𝑎𝑥 + 𝑏𝑦 + 𝑐 = 0

𝑎, 𝑏, 𝑐

𝐸 =෍

𝑖=1

𝑁

𝑎𝑥𝑖 + 𝑏𝑦𝑖 + 𝑐 2



𝐸 =
𝑥1 𝑦1 1
…

𝑥𝑁 𝑦𝑁 1

𝑎
𝑏
𝑐 2

2

መ𝜃 = argmin
𝜃

𝐴𝜃 2
2 ,

𝜃 = 𝑎; 𝑏; 𝑐 𝜃 2 = 1
𝜃

መ𝜃 = argmin
𝜃

𝐴𝜃 2
2 , subject to 𝜃 2 = 1

𝜃 = 𝑉(: , end) 𝐴 = 𝑈𝐷𝑉⊺





•

•

•

•

•

•

•

•





→ ∞



𝐸 = ෍

𝑖=1

𝑁

𝑓(𝑟𝑖) , where 𝑓 𝑟𝑖 = 𝑟𝑖
2

𝑓

0



መ𝜃 = argmin
𝜃

෍

𝑖=1

𝑁

𝜌 𝑟𝑖(𝜃 )

𝜌

𝜌

http://www.diegm.uniud.it/fusiello/index.php/Visione_Computazionale


𝜃

෍

𝑖=1

𝑁

𝜌′(𝑟𝑖)
𝜕𝑟𝑖
𝜕𝜃𝑗

= 0, 𝑗 = 1,… ,𝑀

𝜌 𝑤

𝜌′ 𝑥 = 𝑥 ∗ 𝑤(𝑥)



𝜌
(𝑟
)

𝑤
(𝑟
)

𝑟

𝑟

http://www.diegm.uniud.it/fusiello/index.php/Visione_Computazionale


෍

𝑖=1

𝑁

𝑟𝑖 ∗ 𝑤(𝑟𝑖)
𝜕𝑟𝑖
𝜕𝜃𝑗

= 0 𝑗 = 1,… ,𝑚 (1)

𝑘
𝑟𝑖 𝑘 − 𝑡ℎ

𝑟𝑖
(𝑘−1)

𝑟𝑖 መ𝜃

argmin
𝜃

෍

𝑖=1

𝑁

𝑤 𝑟𝑖
𝑘−1 𝑟𝑖

2



መ𝜃(𝑘) = argmin
𝜃

෍

𝑖

𝑤(𝑟𝑖
(𝑘−1)

) 𝑟𝑖(𝜃)
2

𝑤 𝑟𝑖(𝜃)

• 𝑤(𝑟𝑖
(𝑘−1)

) 𝑟𝑖 መ𝜃 𝑘−1

• መ𝜃(𝑘)

𝑤(𝑟𝑖
(𝑘−1)

)

http://www.diegm.uniud.it/fusiello/index.php/Visione_Computazionale


𝜌

𝜌′

• 𝜌′ 𝑟2

𝜌′ 𝑥 = 𝑤 𝑥 ∗ 𝑥

• 𝜌

𝑟





• 𝜖 > 0

• ሚ𝑓

ሚ𝑓(𝑟𝑖) = ቊ
1, 𝑟𝑖 ≤ 𝜖
0, 𝑟𝑖 > 𝜖

መ𝜃

መ𝜃 = argmax
𝜃

෍

𝑖=1

𝑁

ሚ𝑓(𝑟𝑖)



CS 𝜃, 𝜖 = 𝑥𝑖 | 𝑟𝑖 ≤ 𝜖

𝑟𝑖 = 𝑟 𝑥𝑖 , 𝜃
𝜃 𝑥𝑖

CS 𝜃, 𝜖
𝜃



CS 𝜃, 𝜖 = 𝑥𝑖 | 𝑟𝑖 ≤ 𝜖

𝑟𝑖 = 𝑟 𝑥𝑖 , 𝜃
𝜃 𝑥𝑖

CS 𝜃, 𝜖
𝜃

























𝑆

𝜖:

𝑛:
𝑛 𝑛 𝑝

𝑝 = 0.99



𝑛

𝑒 1 – 𝑒

𝑠 (1 − 𝑒)𝑠

𝑆 1 − (1 – 𝑒)𝑠

𝑆

𝑛

1 – (1 − 𝑒)𝑠 𝑛

𝑛

1 − 1 – (1 − 𝑒)𝑠 𝑛

𝑛 𝑝

𝑝 = 1 − 1 − (1 − 𝑒)𝑠 𝑛 → 𝑛 = log 1 − 𝑝 /log(1 − (1 − 𝑒)𝑠)



𝑛
𝑝 = 0.99 𝑒

𝑛 = log 1 − 𝑝 /log(1 − (1 − 𝑒)𝑠)

proportion of outliers 𝑒
s 5% 10% 20% 25% 30% 40% 50%

2 2 3 5 6 7 11 17

3 3 4 7 9 11 19 35

4 3 5 9 13 17 34 72

5 4 6 12 17 26 57 146

6 4 7 16 24 37 97 293

7 4 8 20 33 54 163 588

8 5 9 26 44 78 272 1177



𝑛

• 𝑠

• 𝑠

•

𝑡

• 𝑛

• 𝑒 = 1 –
number of inliers

number of points

• 𝑛 = log 1 − 𝑝 /log(1 − (1 − 𝑒)𝑠)



•

•

•

•

•

•



𝜖

𝑓(𝑟𝑖) = ቊ
1, 𝑟𝑖 > 𝜖
0, 𝑟𝑖 ≤ 𝜖

𝜖

𝜖

𝜌

−𝜖 𝜖



𝑓(𝑟𝑖) = ቊ
𝑟𝑖 , 𝑟𝑖 > 𝜖
𝜖, 𝑟𝑖 ≤ 𝜖

𝜌
/𝜖

−𝜖 𝜖









argmin
𝜃

(median 𝑟𝑖 𝜃
2)



𝜎



𝜖





𝑋 = 𝑥1, … , 𝑥𝑁 ⊂
ℝ𝑑

Θ



𝑋 = 𝑥1, … , 𝑥𝑁 ⊂
ℝ𝑑

Θ



𝑋 = 𝑥1, … , 𝑥𝑁 ⊂
ℝ𝑑

Θ



𝑋 = 𝑥1, … , 𝑥𝑁 ⊂
ℝ𝑑

Θ



𝑋 = 𝑥1, … , 𝑥𝑁 ⊂
ℝ𝑑

Θ



?







•

•

•

•



planes



















Data driven search of model space 

tentative models

p
o
in

ts

pick the column with the maximum sum



𝑋



𝑋

𝜃1

𝜃1



𝑋

𝜃1
𝑋

𝜃1



𝑋

𝜃1
𝑋

𝜃1

𝜃2



𝑋

𝜃1
𝑋

𝜃1

𝜃2

𝜃3

𝜃4







𝜃 CS 𝜃 = {𝒙 ∶ 𝑟 𝑥, 𝜃 < 𝜖}
𝒙: PS 𝒙 = {𝜃 ∶ 𝑟 𝑥, 𝜃 < 𝜖}



𝑚

𝐻 = {𝜃1, 𝜃2, … , 𝜃𝑚}



𝜃 CS 𝜃 = {𝒙 ∶ 𝑟 𝑥, 𝜃 < 𝜖}

𝒙: PS 𝒙 = {𝜃 ∶ 𝑟 𝑥, 𝜃 < 𝜖}

𝜃



𝜃 CS 𝜃 = {𝒙 ∶ 𝑟 𝑥, 𝜃 < 𝜖}

𝒙: PS 𝒙 = {𝜃 ∶ 𝑟 𝑥, 𝜃 < 𝜖}

𝒙



⟷

⟹



PS 𝒙

𝒙 ∈ ℝ𝒅 PS 𝒙 ∈ 0,1 𝑚



PS 𝒙

𝒙 ∈ ℝ𝒅 PS 𝒙 ∈ 0,1 𝑚











𝑈 ⊂ 𝑋



𝑈 ⊂ 𝑋





















•

•

•

• 𝜖

•







































𝑇 ∈ ℝ𝑟1×𝑐1

𝐼1 ∈ ℝ𝑟2×𝑐2

𝑿𝟏 ∈ ℝ𝑑×𝑁1

𝑿𝟐 ∈ ℝ𝑑×𝑁2

(𝑑 ≪ 𝑟 × 𝑐)



•

•

•

•

•

•

•

•





•

•

•

•





•

•

•

•

•

•





•

•

•

•

•



•

•

•

•

•



•

•

•

•















•

•

•

•

•

•

•



•

•

•

•

•

•





http://people.csail.mit.edu/torralba/shortCourseRLOC/index.html








•

•

•

•

•



Input image

Fe
at

u
re

 E
xt

ra
ct

io
n

𝐼1 ∈ ℝ𝑟2×𝑐2

𝑿𝟏 ∈ ℝ𝑑×𝑁1

𝑿𝟐 ∈ ℝ𝑑×𝑁2

C
la

ss
if

ie
r

(𝑑 ≪ 𝑟 × 𝑐)

“roofs”

𝑦 ∈ Λ

𝐼1 ∈ ℝ𝑟1×𝑐1

“drugs”



Input image

Fe
at

u
re
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xt

ra
ct

io
n

𝐼1 ∈ ℝ𝑟2×𝑐2

𝑿𝟏 ∈ ℝ𝑑×𝑁1

𝑿𝟐 ∈ ℝ𝑑×𝑁2

C
la

ss
if

ie
r

(𝑑 ≪ 𝑟 × 𝑐)

“roofs”

𝑦 ∈ Λ

𝐼1 ∈ ℝ𝑟1×𝑐1

“drugs”





Normalize 

patch

Detect patches

[Mikojaczyk and Schmid ’02]

[Mata, Chum, Urban & Pajdla, ’02] 

[Sivic & Zisserman, ’03]

Compute 

descriptor

e.g. SIFT [Lowe’99]

Local interest operator

or

Regular grid



…



…



…

+

+

+

Codewords



…

+

+

+

Codewords











•

•

•

•



•

•







•

•











𝐼

𝐼 → 𝑓𝐼 ∈ ℝ𝑑

𝑑





𝑡𝑖

𝑤𝑖 =
𝑛𝑖𝑑
𝑛𝑑

log
𝑁

𝑛𝑖
, 𝑖 = 1,… , 𝑑

𝑛𝑖𝑑 𝑡𝑖
𝑛𝑑

𝑁
𝑛𝑖 𝑡𝑖



𝐼 → 𝑤.∗ 𝑓𝐼



•

•

•

•



• 𝐼

•

• 𝐽 𝐼
𝐽




