




𝐼 ∈ ℝ𝑅×𝐶



𝐼(𝑟, 𝑐) = [120, 𝟏𝟓𝟎, 30]

𝐼(𝑟, 𝑐) = [100, 190, 𝟐𝟒𝟎]

𝐼(𝑟, 𝑐) = [𝟐𝟒𝟎, 80, 70]

𝐼(𝑟, 𝑐) = [40, 30, 11]

[0 − 255]





𝐺 ∈ ℝ𝑅×𝐶

𝐵 ∈ ℝ𝑅×𝐶

𝐼 ∈ ℝ𝑅×𝐶×3

𝑅 ∈ ℝ𝑅×𝐶

𝐼 ∈ ℝ512×512×3

















𝐼 ∈ [0, 255]𝑅 × 𝐶 × 3

𝑉 ∈ 0, 255 𝑅 × 𝐶 × 3 × 𝑇

𝑅 = 144, 𝐶 = 180
388.800

print(V.shape)

(144, 180, 3, 30)



𝑅 = 1080, 𝐶 = 1920 ≈ 6𝑀𝐵

≈ 150𝑀𝐵





•

•

•

•

•

•

•























•

•

•

•







𝐺 𝑟, 𝑐 = 𝑇 𝐼(𝑟, 𝑐)

• 𝐼

• 𝐺

• 𝑇: ℝ3 → ℝ3 𝑇: ℝ3 → ℝ

𝑇



→

𝑇: ℝ3 → ℝ

𝐺𝑟𝑎𝑦 𝑟, 𝑐 = 0.299, 0.587, 0.114 ∗ [𝑅 𝑟, 𝑐 , 𝐺 𝑟, 𝑐 , 𝐵 𝑟, 𝑐 ]′

𝐺𝑟𝑎𝑦(𝑟, 𝑐) = 0.299 ∗ 𝑅(𝑟, 𝑐) + 0.587 ∗ 𝐺(𝑟, 𝑐) + 0.114 ∗ 𝐵(𝑟, 𝑐)



𝑇: ℝ3 → ℝ3

• 𝑌

• 𝐶𝑏 𝐶𝑟

• 𝑌

•



𝑇:ℝ → ℝ

𝐼
𝑇
(𝐼
)

𝑇(⋅)



𝑇:ℝ → ℝ

𝐼
𝑇
(𝐼
)

𝑇(⋅)

𝑇



𝐼 𝐺 = 𝑇(𝐼)



𝑇:ℝ → ℝ

𝐼
𝑇
(𝐼
)

𝑇(⋅)

𝑇



𝐼 𝐺 = 𝑇(𝐼)



𝐺 𝑟, 𝑐 = 𝐼 𝑟, 𝑐 𝛾



𝐺 𝑟, 𝑐 = 𝐼 𝑟, 𝑐 𝛾

• 𝛾



𝐺 𝑟, 𝑐 = 𝐼 𝑟, 𝑐 𝛾

• 𝛾

• 𝛾



𝑇:ℝ → ℝ

𝐼
𝑇
(𝐼
)

𝑇(⋅)

𝑇





𝑇:ℝ → ℝ

𝐼
𝑇
(𝐼
)

𝑇(⋅)

𝑇





𝑇:ℝ → ℝ

𝐼
𝑇
(𝐼
)

𝑇(⋅)

𝑇 𝐼 𝑟, 𝑐 = ቊ
255, if 𝐼 𝑟, 𝑐 ≥ 𝛤
0, if 𝐼 𝑟, 𝑐 < 𝛤

𝛤



𝑇:ℝ → ℝ

𝐼
𝑇
(𝐼
)

𝑇(⋅)

𝛤

𝛤

𝑇





𝑇:ℝ → ℝ

𝐼
𝑇
(𝐼
)

𝑇(⋅)

𝑇 𝐼 𝑟, 𝑐 = ൝
𝑇 𝐼 𝑟, 𝑐 , if 𝐼 𝑟, 𝑐 ≥ 𝛤

0, if 𝐼 𝑟, 𝑐 < 𝛤

𝛤

𝛤





•

•

•

•

•

•



𝐺 𝑟, 𝑐 = 𝑇 𝐼(𝑟, 𝑐)

• 𝐼

• 𝐺

• 𝑇: ℝ3 → ℝ3 𝑇: ℝ3 → ℝ

𝑇

𝐺 𝑟, 𝑐 = 𝐼 𝑟, 𝑐 𝛾







{ℎ𝑖} 𝐼
𝑖 = 0,… , 255

ℎ𝑖 = #{ 𝑟, 𝑐 , s. t. 𝐼 𝑟, 𝑐 = 𝑖}

#

[h, bins] = hist(I, bins)



𝐼

𝑖 = 100

ℎ
1
0
0
=
1
1
5
0











• 0, 𝐿

• {ℎ𝑗} 𝑝𝑗 = ℎ𝑗/𝑁

𝑗

𝑇 𝑖 = floor 𝐿 − 1 ෍

𝑗=0

𝑖

𝑝𝑗



𝑇 𝑖 = floor 𝐿 − 1 ෍

𝑗=0

𝑖

𝑝𝑗

By Zefram - Own work, Public Domain, https://commons.wikimedia.org/w/index.php?curid=668605



𝑇 𝑖 = floor 𝐿 − 1 ෍

𝑗=0

𝑖

𝑝𝑗

𝐶𝐷𝐹 𝐼

𝐶𝐷𝐹 𝐼 ∼ 𝑈(0,1)

𝑇 ⋅ = 𝐶𝐷𝐹(⋅)

I_eq = histeq(I)











𝐼1 𝐼2
𝐼1 𝐼2



𝑖′ = 𝑇 𝑖 , such that

𝐶𝐷𝐹1 𝑖 = 𝐶𝐷𝐹2(𝑖
′)



𝑇: 𝑦 ↦ 𝑦′

By Llorenzi - CC BY-SA 3.0, https://commons.wikimedia.org/w/index.php?curid=65976023

𝐶𝐷𝐹1
𝐶𝐷𝐹2

𝐶𝐷𝐹1(𝑖)

𝑖 𝑖′

𝐶𝐷𝐹1(𝑖′)















𝐺 𝑟, 𝑐 = 𝑇𝑈,(𝑟,𝑐) 𝐼

• 𝐼

• 𝐺

• 𝑈

• 𝑇𝑈: ℝ
3 → ℝ3 𝑇𝑈: ℝ

3 → ℝ

𝑇 𝐼 𝑈

(𝑟, 𝑐) 𝑇𝑈,(𝑟,𝑐) 𝐼
𝐼 𝑢, 𝑣 , 𝑢 − 𝑟, 𝑣 − 𝑐 ∈ 𝑈



𝐼 𝑢, 𝑣 , 𝑢 − 𝑟, 𝑣 − 𝑐 ∈ 𝑈

•

•

• 𝑇

(𝑟, 𝑐)

𝐼𝑇𝑈[𝐼]

(𝑟, 𝑐)

𝑈



𝐼 𝑢, 𝑣 , 𝑢 − 𝑟, 𝑣 − 𝑐 ∈ 𝑈

•

•

• 𝑇

(𝑟, 𝑐)

𝐼𝑇𝑈[𝐼]

(𝑟, 𝑐)

𝑈



𝑇 𝐼 𝑟, 𝑐 = ෍

𝑢,𝑣 ∈𝑈

𝑤𝑖 ∗ 𝐼(𝑟 + 𝑢, 𝑐 + 𝑣)

{𝑤𝑖}

𝑐

𝑟

𝐼



𝑇 𝐼 𝑟, 𝑐 = ෍

𝑢,𝑣 ∈𝑈

𝑤(𝑢, 𝑣) ∗ 𝐼(𝑟 + 𝑢, 𝑐 + 𝑣)
𝑐

𝑟

𝑤(−1, −1) 𝑤(−1,0) 𝑤(−1,1)

𝑤(0, −1) 𝑤(0,0) 𝑤(0,1)

𝑤(1, −11) 𝑤(1,0) 𝑤(1,1)

𝑈

𝐼

ℎ

ℎ



𝑇 𝐼 𝑟, 𝑐 = ෍

𝑢,𝑣 ∈𝑈

𝑤(𝑢, 𝑣) ∗ 𝐼(𝑟 + 𝑢, 𝑐 + 𝑣)
𝑐

𝑟

𝑤(−1, −1) 𝑤(−1,0) 𝑤(−1,1)

𝑤(0, −1) 𝑤(0,0) 𝑤(0,1)

𝑤(1, −11) 𝑤(1,0) 𝑤(1,1)

𝑈

𝐼

ℎ

ℎ



ℎ = {𝑤𝑖}

𝐼 ⊗ ℎ (𝑟, 𝑐) = ෍

𝑢=−𝐿

𝐿

෍

𝑣=−𝐿

𝐿

ℎ(𝑢, 𝑣) ∗ 𝐼(𝑟 + 𝑢, 𝑐 + 𝑣)

ℎ (2𝐿 + 1) × (2𝐿 + 1)
𝑤



* 





* =



* =





𝑁𝐶𝐶 𝐴, 𝐵 =
𝑁 𝐴, 𝐵

𝑁 𝐴, 𝐴 𝑁(𝐵, 𝐵)

𝑁 𝐴, 𝐵 = ඵ

𝑊

𝐴 𝑥, 𝑦 − ҧ𝐴 𝐵 𝑥, 𝑦 − ത𝐵 𝑑𝑥 𝑑𝑦

ҧ𝐴 𝐴 ത𝐵 𝑊
𝐴 𝐵



•

•

•



𝑆 𝐼

𝑆 𝑥, 𝑦 = ෍

𝑟≤𝑦,𝑐≤𝑥

𝐼(𝑟, 𝑐)

𝑦

𝑥

𝑆 𝑥, 𝑦

෍

𝑟≤𝑦,𝑐≤𝑥

𝐼(𝑟, 𝑐)

𝑦

𝑥
𝐼 𝑆



෍
𝑦1≤𝑟≤𝑦2,
𝑥1≤𝑐≤𝑥2

𝐼(𝑟, 𝑐) = 𝑆 𝑥2, 𝑦2 − 𝑆 𝑥2, 𝑦1 − 𝑆 𝑥1, 𝑦2 + 𝑆(𝑥1, 𝑦1)

𝑦2

𝑥2

෍
𝑦1≤𝑟≤𝑦2,
𝑥1≤𝑐≤𝑥2

𝐼(𝑟, 𝑐)

𝑥1

𝑦1

𝑦2

𝑥2𝑥1

𝑦1

𝑆 𝑥2, 𝑦2

𝑆 𝑥2, 𝑦1

𝑆 𝑥1, 𝑦2

𝑆(𝑥1, 𝑦1)



𝐼2𝐼1

http://www.diegm.uniud.it/fusiello/index.php/Visione_Computazionale


𝐼1 𝐼2

𝐼2𝐼1

http://www.diegm.uniud.it/fusiello/index.php/Visione_Computazionale


𝐼1 𝐼2

𝐼2𝐼1

𝑁𝐶𝐶 𝐴, 𝐵 =
𝑁 𝐴, 𝐵

𝑁 𝐴, 𝐴 𝑁(𝐵, 𝐵)

𝑆𝑆𝐷 𝐴, 𝐵 = ෍

𝑖=1

𝑁

𝐴𝑖 − 𝐵𝑖
2

http://www.diegm.uniud.it/fusiello/index.php/Visione_Computazionale




ℎ

𝐼 ⊗ ℎ (𝑟, 𝑐) = ෍

𝑢=−𝐿

𝐿

෍

𝑣=−𝐿

𝐿

ℎ(𝑢, 𝑣) ∗ 𝐼(𝑟 + 𝑢, 𝑐 + 𝑣)

ℎ (2𝐿 + 1) × (2𝐿 + 1)

ℎ

𝐼 ⊛ ℎ (𝑟, 𝑐) = ෍

𝑢=−𝐿

𝐿

෍

𝑣=−𝐿

𝐿

ℎ(𝑢, 𝑣) ∗ 𝐼(𝑟 − 𝑢, 𝑐 − 𝑣)

ℎ (2𝐿 + 1) × (2𝐿 + 1)



𝑦, ℎ (2𝐿 + 1) × (2𝐿 + 1)

𝐺 𝑟, 𝑐 = 𝐼 ⊛ ℎ 𝑟, 𝑐 = ෍

𝑢=−𝐿

𝐿

෍

𝑣=−𝐿

𝐿

𝐼(𝑟 + 𝑢, 𝑐 + 𝑣)ℎ −𝑢,−𝑣

flipX 

ℎ

flipY 

⋅

𝑧5 = ℎ9𝑦1 + ℎ8𝑦2 + ℎ7𝑦3 + ℎ6𝑦4 + ℎ5𝑦5 + ℎ5𝑦6 + ℎ3𝑦7 + ℎ2𝑦8 + ℎ1𝑦9

𝐿 = 1
3 × 3

𝑟, 𝑐 = (0,0)



𝑦, ℎ (2𝐿 + 1) × (2𝐿 + 1)

𝐺 𝑟, 𝑐 = 𝐼 ⊛ ℎ 𝑟, 𝑐 = ෍

𝑢=−𝐿

𝐿

෍

𝑣=−𝐿

𝐿

𝐼(𝑟 + 𝑢, 𝑐 + 𝑣)ℎ −𝑢,−𝑣

flipX 

ℎ

flipY 

⋅

𝑧5 = ℎ9𝑦1 + ℎ8𝑦2 + ℎ7𝑦3 + ℎ6𝑦4 + ℎ5𝑦5 + ℎ5𝑦6 + ℎ3𝑦7 + ℎ2𝑦8 + ℎ1𝑦9

𝐿 = 1
3 × 3

𝑟, 𝑐 = (0,0)



𝑦, ℎ (2𝐿 + 1) × (2𝐿 + 1)

𝐺 𝑟, 𝑐 = 𝐼 ⊛ ℎ 𝑟, 𝑐 = ෍

𝑢=−𝐿

𝐿

෍

𝑣=−𝐿

𝐿

𝐼(𝑟 + 𝑢, 𝑐 + 𝑣)ℎ −𝑢,−𝑣

flipX 

ℎ

flipY 

⋅

𝑧5 = ℎ9𝑦1 + ℎ8𝑦2 + ℎ7𝑦3 + ℎ6𝑦4 + ℎ5𝑦5 + ℎ5𝑦6 + ℎ3𝑦7 + ℎ2𝑦8 + ℎ1𝑦9



𝑦, ℎ (2𝐿 + 1) × (2𝐿 + 1)

𝐺 𝑟, 𝑐 = 𝐼 ⊛ ℎ 𝑟, 𝑐 = ෍

𝑢=−𝐿

𝐿

෍

𝑣=−𝐿

𝐿

𝐼(𝑟 + 𝑢, 𝑐 + 𝑣)ℎ −𝑢,−𝑣

flipX 

ℎ

flipY 

⋅

𝐺5 = ℎ9𝐼1+ ℎ8𝐼2 + ℎ7𝐼3 + ℎ6𝐼4 + ℎ5𝐼5 + ℎ5𝐼6 + ℎ3𝐼7 + ℎ2𝐼8 + ℎ1𝐼9



?*





𝑦 ℎ.
• 𝑧 = 𝑦 ⨂ℎ

•

𝑧 𝜏 = 𝑦 ⨂ℎ 𝜏 = න
ℝ

𝑦 𝑡 ℎ 𝜏 − 𝑡 𝑑𝑡

𝑧 𝜏 = ℎ ⨂𝑦 𝜏 = න
ℝ

𝑦 𝜏 − 𝑡 ℎ 𝑡 𝑑𝑡

•

𝑧 𝑛 = 𝑦 ⨂ℎ 𝑛 = ෍

𝑚=−𝐿

𝐿

𝑦 𝑛 −𝑚 ℎ(𝑚)

(2𝐿 + 1)



𝑧 𝑛 = 𝑦⨂ℎ 𝑛 = ෍

𝑚=−𝐿

𝐿

𝑦 𝑛 −𝑚 ℎ(𝑚)

𝑦 = sin 𝑥 , ℎ =
1

5
,
1

5
,
1

5
,
1

5
,
1

5
, 𝐿 = 2

1

5
,

1

5
,

1

5
,

1

5
,

1

5

𝑦



𝑧 𝑛 = 𝑦⨂ℎ 𝑛 = ෍

𝑚=−𝐿

𝐿

𝑦 𝑛 −𝑚 ℎ(𝑚)

𝑦 = sin 𝑥 , ℎ =
1

5
,
1

5
,
1

5
,
1

5
,
1

5
, 𝐿 = 2

𝑦

0.766 ≈
1

5
∗ 0.48 +

1

5
∗ 0.84 +

1

5
∗ 1 +

1

5
∗ 0.91 +

1

5
∗ 0.60

𝑦



𝑧 𝑛 = 𝑦⨂ℎ 𝑛 = ෍

𝑚=−𝐿

𝐿

𝑦 𝑛 −𝑚 ℎ(𝑚)

= ෍

𝑚=−𝐿

𝐿

𝑦 𝑛 +𝑚 ℎ(−𝑚)

𝑦

𝑦

ℎ
𝑦

ℎ















* 



9

1
*  ?







25

1
* 







25

2
* 





*


25

2






 
 








 


2

22

2 2
exp

2

1
,




yx
yxH

 
 








 


2

22

2 2
exp

2

1
,



ji
jiG

𝐺 2𝑘 + 1) × 2𝑘 + 1

σ𝑖=−𝑘
𝑘 σ𝑗=−𝑘

𝑘 𝐺 𝑖, 𝑗 = 1



* 

1
2

3
4

5
6

7

1
2

3
4

5
6

7

0

0.05

0.1

0.15

0.2





Gaussian Smoothing 

Support 7x7

Smoothing by Averaging 

On 7x7 window 





𝜆𝐼1 + 𝜇𝐼2 ⊛ℎ (𝑟, 𝑐) = 𝜆 𝐼1 ⊛ℎ (𝑟, 𝑐) + 𝜇 𝐼2 ⊛ℎ (𝑟, 𝑐)

𝜆, 𝜇 ∈ ℝ



𝐼1 ⊛ 𝐼2 = 𝐼2 ⊛ 𝐼1

𝐼 ℎ

CS231n: Convolutional Neural Networks for Visual Recognition http://cs231n.github.io/

http://cs231n.stanford.edu/
http://cs231n.github.io/


⊛ =



⊛ =



⊛ =



⊛ =



⊛ =



𝑓 ⊛ 𝑔⊛ ℎ = (𝑓 ⊛ 𝑔)⊛ ℎ = 𝑓 ⊛ 𝑔⊛ ℎ

𝑓 ⊛ 𝑔 + ℎ = 𝑓 ⊛ 𝑔 + 𝑓 ⊛ ℎ

𝐼(⋅ −𝑟0,⋅ −𝑐0) ⊛ ℎ 𝑟, 𝑐 = 𝐼 ⊛ ℎ 𝑟 − 𝑟0, 𝑐 − 𝑐0



𝑓 ⊛ 𝑔⊛ ℎ = (𝑓 ⊛ 𝑔)⊛ ℎ = 𝑓 ⊛ 𝑔⊛ ℎ

𝑓 ⊛ 𝑔 + ℎ = 𝑓 ⊛ 𝑔 + 𝑓 ⊛ ℎ

𝐼(⋅ −𝑟0,⋅ −𝑐0) ⊛ ℎ 𝑟, 𝑐 = 𝐼 ⊛ ℎ 𝑟 − 𝑟0, 𝑐 − 𝑐0



𝐻 𝑓
𝐻[𝑓]

The input is a signal The output is a signal



𝐻 𝑓
𝐻[𝑓]

𝑓



𝐻 𝜆 𝑓 𝑡 + 𝜇 𝑔(𝑡) = 𝜆𝐻 𝑓 (𝑡) + 𝜇 𝐻 𝑔 (𝑡)

𝜆, 𝜇 ∈ ℝ 𝑓, 𝑔

𝐻 𝑓 𝑡 − 𝑡0 = 𝐻 𝑓 𝑡 − 𝑡0

𝑡0 ∈ ℝ 𝑓



•

•

𝐻



•

•

𝐻



ℎ

⊛ =





The effects of smoothing

Each row shows smoothing

with gaussians of different

width; each column shows

different realisations of 

an image of gaussian noise.











𝑧 𝑥 = 𝑦 𝑥 + 𝜂 𝑥 , 𝑥 ∈ 𝒳

• 𝑥 𝒳 ⊂ ℤ2

• 𝑦

• 𝑧

• 𝜂



𝑧 𝑥 = 𝑦 𝑥 + 𝜂 𝑥 , 𝑥 ∈ 𝒳

ො𝑦 𝑦 𝑧
𝜂

𝜂 ∼ 𝑁(0, 𝜎2) 𝜂(𝑥)

𝜎





𝑦

𝐶

𝑧







Additive Gaussian 

White Noise

After Gaussian Smoothing

After Averaging

),(  N



•

•

•



•

•

•

𝑦(𝑥) 𝑧(𝑥) 𝑧
𝑥

ො𝑦 𝑥 = E 𝑧 𝑥]



•

•

•

𝑦(𝑥) 𝑧(𝑥) 𝑧
𝑥

ො𝑦 𝑥 = E 𝑧 𝑥]



•

•

•

𝑦(𝑥) 𝑧(𝑥) 𝑧
𝑥

ො𝑦 𝑥 = E 𝑧 𝑥]



• 𝑦
ො𝑦 𝑥 = E 𝑧 𝑥]

•

∀𝑥 ∈ 𝑋, ∃ ෩𝑈𝑥 s. t. 𝑦| ෩𝑈𝑥 is a polynomial

•

•



http://www.cs.tut.fi/~lasip/
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∀𝑥 ∈ 𝑋 ෩𝑈𝑥

𝑥 ෩𝑈𝑥
ො𝑦 𝑥 = E 𝑧 𝑥, ෩𝑈𝑥]






