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Spam Classification
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𝒙 𝑡 , 𝑡 = 𝑡0, … , 𝒙 𝑡 ∈ ℝ𝑑

𝑥(𝑡) 𝜙𝑜

𝒙 𝑡 ∼ ൜
𝜙0 normal data
𝜙1 anomalies

,

𝑡

𝒙
(𝑡
)

……

𝜙1𝜙0 𝜙0



𝒙 𝑡 , 𝑡 = 𝑡0, … , 𝒙 𝑡 ∈ ℝ𝑑

𝑥(𝑡) 𝜙𝑜

𝒙 𝑡 ∼ ൜
𝜙0 normal data
𝜙1 anomalies

,

𝑡

𝒙
(𝑡
)

……

𝜙1𝜙0 𝜙0



𝒙 𝑡 , 𝑡 = 1,… , 𝒙 𝑡 ∈ ℝ𝑑

𝜏

𝒙 𝑡 ∼ ൜
𝜙0 𝑡 < 𝜏
𝜙1 𝑡 ≥ 𝜏

,

{𝒙 𝑡 , 𝑡 < 𝜏} 𝜙0 ≠ 𝜙1

𝜙𝑜 → 𝜙1

𝑡

𝒙
(𝑡
)

……

𝜙1𝜙0

𝜏



𝒙 𝑡 , 𝑡 = 1,… , 𝒙 𝑡 ∈ ℝ𝑑

𝜏

𝒙 𝑡 ∼ ൜
𝜙0 𝑡 < 𝜏
𝜙1 𝑡 ≥ 𝜏

,

{𝒙 𝑡 , 𝑡 < 𝜏} 𝜙0 ≠ 𝜙1

𝜙𝑜 → 𝜙1

𝑡

𝒙
(𝑡
)

……

𝜙1𝜙0

𝜏



𝜙𝑜 → 𝜙1 → 𝜙2 → 𝜙3 → 𝜙4

𝜙𝑜 𝜙1 𝜙2 𝜙3 𝜙4



𝑡

𝒙
(𝑡
)

……

𝜙1𝜙0 𝜙0



𝑡

𝒙
(𝑡
)

……

𝜙1𝜙0







𝜙0 𝜙1



𝜙𝜃

𝐻0: 𝜃 = 𝜃0 𝐻1: 𝜃 = 𝜃1

Λ 𝑥 =
𝜙1(𝑥)

𝜙0(𝑥)

Λ 𝑥 > 𝛾 𝛾



Λ(𝒙)

𝑡

𝒙
(𝑡
)

……

𝜙1𝜙0 𝜙0

𝑡

𝛬
(𝒙
)

…

𝛾



log Λ 𝑥 = log
𝜙1(𝑥)

𝜙0(𝑥)
= ቊ

< 0 when 𝜙0 𝑥 > 𝜙1(𝑥)
> 0 otherwise

𝑆 𝑡 = max 0, S t − 1 + log Λ 𝑥(𝑡)

𝑆(𝑡) > γ



Λ(𝒙)

𝑡

𝒙
(𝑡
)

……

𝜙1𝜙0

𝑡

𝑆
𝑡

+

…

𝛾



𝜙0

𝜙1



𝑇𝑅

𝑇𝑅

𝑇𝑅.

𝑇𝑅



+ −

𝑇𝑅 = 𝒙(𝑡), 𝑦(𝑡) , 𝑡 < 𝑡0, 𝑥 ∈ ℝ𝑑 , 𝑦 ∈ {+,−}

𝒦 𝑇𝑅

𝒦(𝒙)
𝑝𝒦 − 𝒙





𝑇𝑅

𝑇𝑅 = 𝑥 𝑡 , 𝑡 < 𝑡0, 𝑥 ∼ 𝜙0



෠𝜙0

𝑇𝑅 = 𝑥 𝑡 , 𝑡 < 𝑡0, 𝑥 ∼ 𝜙0

෠𝜙0 𝒙 < 𝜂





𝑇𝑅

𝑇𝑅 = 𝑥 𝑡 , 𝑡 < 𝑡0

𝑇𝑅



𝒌 −



𝒌 −



𝒌 −



𝜙0 𝜙1



𝜙0 𝜙1
𝜙0 → 𝜙1 𝜃0 → 𝜃1



𝜙0 𝜙1 𝜙0 → 𝜙1



𝜙0 𝜙1 𝜙0 → 𝜙1

𝐴𝑅𝐿0



෠𝜙0 𝑇𝑅

ℒ 𝒙 𝑡 = log( ෠𝜙0(𝒙(𝑡)))

ℒ 𝒙 𝑡 , 𝑡 = 1,…

𝑡

𝒙
(𝑡
)

…

ℒ
𝒙
𝑡

…



෠𝜙0 𝑇𝑅

ℒ 𝒙 𝑡 = log( ෠𝜙0(𝒙(𝑡)))

ℒ 𝒙 𝑡 , 𝑡 = 1,…

















ℳ

ℳ 𝑇𝑅

𝒙 ℳ



ℳ

ℳ 𝑇𝑅

𝒙 ℳ

Dictionary learned from normal ECG signal (sparse representations)



𝛼 𝒙 ℳ

𝑟 𝑡 = 𝒙 −ℳ(𝛼) 2

:  ℳ𝜶
: 𝒙







𝑛

𝒪 1 ,

𝒙
(𝑡
)

… …𝑑

𝑛



𝑑

෠𝜙0

𝒙
(𝑡
)

… …

𝑛

𝑑





𝑑

𝑡

𝒙
(𝑡
)

……

𝜙1𝜙0

𝜏

𝑑



𝑡

𝒙
(𝑡
)

……

𝜏

𝜙1𝜙0

𝑑

𝑑



𝑡

𝒙
(𝑡
)

……

𝜏

𝜙1𝜙0

𝑑

𝑑



𝑑

𝜙0 𝜙1



𝑑

𝜙0 𝜙1

𝑑



𝑑

𝜙0 𝜙1




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෠𝜙0 𝑇𝑅

ℒ 𝒙 𝑡 = log( ෠𝜙0(𝒙(𝑡)))

ℒ 𝒙 𝑡 , 𝑡 = 1,…

𝑡

𝒙
(𝑡
)

…

ℒ
𝒙
𝑡

…
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SNR 𝜙0 → 𝜙1 =

E
𝒙∼𝜙0

ℒ(𝒙) − E
𝒙∼𝜙1

ℒ(𝒙)
2

var
𝒙∼𝜙0

ℒ(𝒙) + var
𝒙∼𝜙1

ℒ(𝒙)

𝜙0 → 𝜙1
E ℒ(𝒙)




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𝜙0 → 𝜙1

sKL 𝜙0, 𝜙1 = KL 𝜙0, 𝜙1 + KL 𝜙1, 𝜙0 =

= න log
𝜙0 𝒙

𝜙1 𝒙
𝜙0 𝒙 𝑑𝒙 + න log

𝜙1 𝒙

𝜙0 𝒙
𝜙1 𝒙 𝑑𝒙

sKL 𝜙0, 𝜙1
𝜙0 → 𝜙1 sKL 𝜙0, 𝜙1

𝜙0 → 𝜙1 𝜙1 → 𝜙0

T. Dasu, K. Shankar, S. Venkatasubramanian, K. Yi, “An information-theoretic approach to detecting

changes in multi-dimensional data streams” In Proc. Symp. on the Interface of Statistics, Computing

Science, and Applications, 2006
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𝜙0 = 𝒩(𝜇0, Σ0) 𝜙1 𝒙 = 𝜙0(𝑄𝒙 + 𝒗)
𝑄 ∈ ℝ𝑑×𝑑 𝒗 ∈ ℝ𝑑

SNR 𝜙0 → 𝜙1 <
𝐶

𝑑

𝐶 sKL 𝜙0, 𝜙1



𝜙0 = 𝒩(𝜇0, Σ0) 𝜙1 𝒙 = 𝜙0(𝑄𝒙 + 𝒗)
𝑄 ∈ ℝ𝑑×𝑑 𝒗 ∈ ℝ𝑑

SNR 𝜙0 → 𝜙1 <
𝐶

𝑑

𝐶 sKL 𝜙0, 𝜙1

sKL 𝜙0, 𝜙1
𝑑

𝜙0

෠𝜙0



𝜙0 = 𝒩(𝜇0, Σ0) 𝜙1 𝒙 = 𝜙0(𝑄𝒙 + 𝒗)
𝑄 ∈ ℝ𝑑×𝑑 𝒗 ∈ ℝ𝑑

SNR 𝜙0 → 𝜙1 <
𝐶

𝑑

𝐶 sKL 𝜙0, 𝜙1



𝜙1 𝒙 = 𝜙0(𝑄𝒙 + 𝒗)

𝜙0 +𝒗

𝜙0

𝜙1



𝜙1 𝒙 = 𝜙0(𝑄𝒙 + 𝒗)

𝜙0 +𝒗

𝒙 𝑄𝒙

𝜙0

𝜙1



𝜙1 𝒙 = 𝜙0(𝑄𝒙 + 𝒗)

𝜙0 +𝒗

𝒙 𝑄𝒙

𝜙0

| 𝒙 |

𝜙0

𝜙1



𝜙0 = 𝒩(𝜇0, Σ0) 𝜙1 𝒙 = 𝜙0(𝑄𝒙 + 𝒗)
𝑄 ∈ ℝ𝑑×𝑑 𝒗 ∈ ℝ𝑑

SNR 𝜙0 → 𝜙1 <
𝐶

𝑑

𝐶 sKL 𝜙0, 𝜙1



𝜙0 = 𝒩(𝜇0, Σ0)

ℒ ⋅









𝑑

෠𝜙0

𝜙0 → 𝜙1
𝜙1 𝒙 = 𝜙0 𝑄𝒙 + 𝒗 and sKL 𝜙0, 𝜙1 = 1

𝑉0 𝑉1

𝑡𝑡

𝒙
(𝑡
)

𝑉1𝑉0



ℒ ෠𝜙0(𝒙) 𝑉0 𝑉1, 𝑊0 𝑊1

𝒯(𝑊0,𝑊1)

𝒯 𝑊0,𝑊1 ≶ ℎ

ℎ

𝑡

ℒ
𝒙
𝑡

𝑊1𝑊0

𝑡

ℒ
𝒙
𝑡



Gaussians

• 𝜙1

𝑑

Lepage log(𝜙0(⋅))

Lepage log( ෠𝜙0(⋅))

t-test  log(𝜙0(⋅))

t-test  log( ෠𝜙0(⋅))



Particle Wine



Particle Wine

• 𝜙1
sKL 𝜙0, 𝜙1 ≈ 1

• ෠𝜙0 𝑘

ℒ(⋅)

https://home.deib.polimi.it/carrerad/projects.html

https://home.deib.polimi.it/carrerad/projects.html
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