





POLITECNICO DI MILANO
Dipartimento di Elettronica e Informazione
DOTTORATO DI RICERCA IN INGEGNERIA DELL| NFORMAZIONE

Motion Blur:
Analysis and Restoration

Tesi di dottorato di:
Giacomo Boracchi

Relatore:
Prof. Vincenzo Caglioti
Tutore:
Prof. Marco Colombetti
Coordinatore del programma di dottorato:
Prof. Patrizio Colaneri

XX ciclo



PoLITECNICO DI MILANO
Dipartimento di Elettronica e Informazione
Piazza Leonardo da Vinci 32 | 20133 — Milano



POLITECNICO DI MILANO
Dipartimento di Elettronica e Informazione
DOTTORATO DI RICERCA IN INGEGNERIA DELL| NFORMAZIONE

Motion Blur:
Analysis and Restoration

Doctoral Dissertation of:
Giacomo Boracchi

Advisor:
Prof. Vincenzo Caglioti
Tutor:
Prof. Marco Colombetti
Supervisor of the Doctoral Program:
Prof. Patrizio Colaneri

XX -2008






Dedication






Acknowledgements

Vorrei ringraziare Diana che mi &€ sempre stata pazientesramttanto in questi
anni di dottorato. Un ringraziamento anche ai miei gengaimio fratello per
il loro aiuto e supporto.

Devo molto a tutto il gruppo di Tampere che mi ha offerto I'opinita di
fare ricerca e mi ha fatto appassionare a questo mestiegeario il professor
Vladimir Katkovnik ed il Professore Karen Egiazarian. Imtalare ringrazio
Alessandro Foi per tutto quello che mi ha trasmesso e per censigli, spero
un giorno di poter essere anche io altrettanto di aiuto pemelvra bisogno.

Un grazie al mio relatore, il professor Vincenzo Cagliotieani ha saputo
propormi innovativi argomenti di ricerca per il mio dotttoa

Un ringraziamento ai miei colleghi di dottorato ed in pastaze a Simone,
Pierluigi ed Alessandro, per tutto quello che abbiamo fastsieme e anche per
quello che siamo solo riusciti ad abbozzare.

Giacomo Boracchi






Things which we see are not by themselves what we see
It remains completely unknown to us what the objects may ledmyselves
and apart from the receptivity of our senses.
We know nothing but our manner of perceiving them

|. Kant






Abstract

Motion blur is a phenomenon which is corrupting images wtlaaty, motion
occurs between the camera viewpoint and the captured soeng the acqui-
sition. Rarely this can be described with a shift invarigmmtor although this
is a common assumption in the literature.

In a motion blurred image, the Point Spread Function (PSFach pixel
is determined by the relative motion between the camerapoew and the
imaged scene point. Therefore the PSF of each pixel mayaiypicary ac-
cording to the camera motion and the depths of the imagec smznts. Both
the blur analysis (estimation) and the image restoratieecpime much more
challenging issues in case of a shift variant blur oper#tan in case of a shift
invariant blur operator. As a matter of fact, only few workditerature have
considered the shift variant blur.

This thesis concerns the analysis and the restoration giediurred images
when the blur is due to a speci ¢ camera motions. In particthe focus is
on the blur produced by a camera translation. We show thatrasg shift
variant blur allows us to describe the degradation procese eccurately. We
derive two descriptions of the degradation process due rnweca translation
and camera rotation, where the blur is modeled as shiftvaaiad parametric
operators.

The thesis is divided into two parts. The rst part deals wlitksal blur
estimation, and presents algorithms devised for estimadtiar direction and
extent in small image regions containing a corner. The megalgorithms
estimate blur parameters in corner regions where othephl@meters estima-
tion methods typically fail. We devised also a procedureditecting blurred
corners and adaptively select a region where to performdstimation.

In the second part of the thesis we consider the blurred imagevhole and
we address two different issues: the estimation of the cameation and the
image restoration. This part is mostly dedicated to imagesupted by blur
due to a pure camera translation. We prove that, althoughsthiation has
been always treated assuming the blur shift invariant, thelecomes shift
variant as the camera translation has an essential comppesendicular to
the image plane. We devise a single image algorithm for esiig both the
camera 3D motion direction and the PSF parameters in evexgerpixel. We



also introduce a restoration algorithm for these kind ofges(radial blurred
images), which is based on two steps: the blur inversion laadaise removal.
The blur is inverted exploiting polar to Cartesian coorténtransformations.
We study how the coordinate transformations and the blargien affect the
noise in order to use a non-linear spatially adaptive Itee Pointwise Shape-
Adaptive DCT to exploit the image structures and attenuaieerand artifacts.
Since in radially blurred images, the PSF extent at any inpégd can be re-
lated to the depth of the corresponding point in the sceneglseeinvestigate
and discuss the capabilities of estimating the scene depthd single motion
blurred image.
The blur produced by a camera rotation is also considereldeis¢écond part
of the thesis. We devise an algorithm for estimating the 3@timn axis of
a camera by analyzing a single blurred image. Contrary t@xisting meth-
ods, we treat the more general case where the rotation an isecessarily
orthogonal to the image plane, taking into account the petsfe effects that
affect the smears.

All the proposed algorithms have been tested on synthistibalrred im-
ages as well as camera images.

14



Riassunto

Il Motion Blur nelle immagini &€ causato da un movimento della camera, della
scena o di parte di questa durante il tempo di esposizionenotion blur
comporta la perdita di dettagli delle immagini, con un cgussnte degrado
della qualita visiva: la ricostruzione di queste immagindiégrande inter-
esse applicativo ed & un problema ancora lontano dallesienitivamente
risolto. Un problema strettamente collegato alla ricastme dellimmagine
e la stima del moto della camera e delle caratteristiche Idel dempre a par-
tire da una sola immagine mossa. Questa tesi presentatalgpgr estrarre
dellinformazione da una singola immagine motion blurredalora il blur
fosse dovuto ad un particolare moto tra la camera e la sceoa.il ®rmine
informazione facciamo riferimento alle caratteristichel dlur, ai parametri
del moto della camera e all'immagine "ideale" che si ottglneein assenza di
movimento e con una corretta esposizione.

In questa tesi motion blur é stato descritto da operatornidiedal moto 3D
della camera. Questa modellazione ad-hoc ha permessadarealgoritmi
innovativi per stimare il blur e per ricostruire l'immagire partire da una sola
immagine mossa. In particolare abbiamo trattato il blurdptto da due tipi
di moto della camera la traslazione e la rotazione della canm@uesta scelta
e stata fatta per frequenza con la quale queste situazigoirono e per la
facilita di collegare il blur al moto della camera.

Il motion blur risultante dalla traslazione della camergadcssempre trattato
nella letteratura assumendo la traslazione parallelaaalopimmagine. Sotto
questa ipotesi il blur risulta essere spazio invariant®det Spread Function
(PSF) e quindi ssata per tutti i pixel dellimmagine. In alai casti, tra cui
quello in cui la traslazione presenta una componente ontlgaal piano im-
magine, il blur diventa spazio variane e la PSF varia da @ixaikel. Questa
situazione, che e piu dif cile da gestire sia per I'analigl dlur che per la
ricostruzione dellimmagine, é stata quasi trascurattaretteratura.

La tesi & suddivisa in due parti. La prima parte & dedicatalgakitmi
per stimare la PSF localmente. In questa parte sono préselg@ritmi per
stimare, da una sola immagine mossa, i parametri del blunarregione dove
l'immagine presenta un punto saliente (corner). | metodspnti prima d'ora
nella letteratura non sono in grado di stimare la PSF in regiontenenti un



corner, sebbene queste offrano una chiara interpretazienblur. E' stato
anche proposto una procedura per selezionare automatitaee in maniera
adattativa la regione del corner.

Nella seconda parte della tesi consideriamo l'intera immagiossa per la
stima del moto della camera e la ricostruzione dellimmaggtessa. La mag-
gior parte del lavoro é stato rivolto ad immagini acquisitezaohte la traslazione
della telecamera. A partire da una descrizione geometridisnensionale é
stato ricavato un modello per descrivere la formazione dinumagine ac-
quisita durante una traslazione generica della cameraudstq modello il blur
viene rappresentato da un operatore parametrico e spamotea E' stato poi
proposto un algoritmo per stimare la dirzione 3D del motdedehmera, data
una sola immagine mossa e quindi la PSF ad ogni pixel.

E' stato quindi ricavato un algoritmo per ricostruire imnragorrotte dal
blur dovuto ad una traslazione generica ( blur radiale ), &logindi spazio
variante. L'algoritmo assume noti i parametri del blur ecédio sull'inversione
del blur e la rimozione del rumore, alterato dall'inverstodel blur. Abbiamo
anche presentato un metodo per stimare la profondita dmdlsasa partire da
un'immagine mossa acquisita durante la traslazione dehaeca.

E' stato poi affrontato il caso di motion blur prodotto da untazione della
camera. A differenza di tutte le soluzioni esistenti, ecsteattato senza ap-
prossimazioni il caso generale in cui asse di rotazioneadelimera non é or-
togonale al piano immagine. E' stato proposto quindi uniatigm per stimare,
da una sola immagine corrotta da blur rotazionale, la pws&zBD dell'asse di
rotazione e la velocita angolare della camera.
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Part I.

Motion Blur Analysis at
Corners






The rst part of this thesis presents novel algorithms foalgming the blur
in a single image acquired during a camera motion. Oftenpthedue to
camera motion (motion blur) can not be considered as slyaitiariant (i.e.
shift invariant). For example, when the camera is tranmgatine can observe
smears in resulting image which have varying direction axtérg between
image pixels, as shown in Figure Galand Figure 0.h.

Spatially variant blur estimation is a challenging problerhich is often
simpli ed by assuming the blur as locally spatially invarid4], i.e. for each
image pixel, one assumes that there exist a region wherduhinly process
is modeled as a convolution against a Point Spread Fundd8#). This sim-
pli cation has been made also in the rst part of this thesigich focuses on
the estimation of théocal blur parametersand the detection of regions where
the blur can be considered as spatially invariant. We furdissume that each
PSF is described by two parameters, its direction and itsnéxtWhile this
assumption is too restrictive when combined with the sphatiavariant blur
assumption, this allows a faithful interpretation of matidur when assuming
spatially invariant blur.

The algorithms presented in Chapter 1 are meant for regiomsining an
image corner: this image content is exploited as a prior $timgting the blur
parameters. To the author's knowledge, the issue of estighatur parameters
within a small region containing a corner has never beenesddd before. The
use of small regions for estimating the blur parametersusial for obtaining
a reliable approximation of spatially variant blur (a ragie considered small
if its sizes are about two, three times the blur extent).

There are three main reasons why it is worth estimating thiegarameters
in a region containing a corner. First, within a corner regithe blur pa-
rameters can be determined as #perture problendoes not hold. The term
aperture problem, has been introduced in studies on vigistess [38], to
express the ambiguity that moving homogeneous contousepte Within a
region (an aperture) of a blurred image, different physisations may be in-
distinguishable: this happens for example in smooth areasldurred edges,
where in nite pairs (direction , extent) of blur parametees describe the blur.
Figure 0.1.c shows some of the motions that correctly imgtrhe blur in the
highlighted region. On the other hand, thanks to the apefpuoblem, pix-
els belonging to blurred edges can be used for estimatingltien a corner
region, as at these pixels the blur parameters can be asseopetito those
at the corner. Second, corners are ubiquitous in images el carry the
most relevant information for scene understanding: as temaitfact, corners
are widely used in Computer Vision and Pattern Recognitmmektracting
features in images. Analyzing the blur at corner regiondésdfore useful



both for scene and motion understanding. Third, there aretimer blur pa-
rameters estimation algorithms able to perform on smalbreggcontaining a
corner. Although several algorithms for estimating blurgpaeters have been
proposed for blind deconvolution, all these algorithms kvam the whole im-
age, assuming the blur spatially invariant, and they do edbpm adequately
when applied on a small region containing a corner.

Most of motion blur PSF parameters estimation algorithmalyaes the
Fourier power spectrum of the image, see [15, 24, 49, 67 8], references
therein. Fourier-domain methods exploit the convolutioaorem [61] which
claims that the Fourier transform of the convolution of tweripdic signals
is the point-wise product of the Fourier transforms of the signals. Since
the Fourier transform of these PSFs present charactezeticpatterns, which
can be directly related to the PSF parameters, these zémnsashould be
distinguishable also in the Fourier transform of the bldrireage. Figure 0.2
b shows how the zero patterns are clearly distinguishableer-burier trans-
form of blurred white noise. However, this approach failssatall regions
containing a corner because of two reasons: rst, in a snrallge a region the
image can be roughly approximated as periodic and secoadrdtrier trans-
form of the blurred image is mostly in uenced by blurred eggather than
from the PSF as shown in Figure @2

A different approach to PSF parameters estimation has Inéediced by
Yitzhaky [93, 94, 92] that proposed to estimate the blurdiom as the direc-
tion of the derivative lters having minimum energy respend he blur extent
is estimated consequently detecting the minima of the autelation func-
tion of image derivatives along blur direction. This mettdmbs not present
the restrictions on regions sizes of Fourier transform thasethods but does
not perform correctly at blurred corners. In fact, typigan edge direction
may represent the direction having minimum derivative gyeas illustrated
in Figure 0.3d.

Chapter 2 addresses two complementary issues: the detexftiolurred
corners and the corner region selection. Corner regionsdaptively selected
in order to improve the proposed algorithm performance.



Figure 0.1.: Image corrupted by spatially variant blur. B&uspatially variant
as the highlighted regions aandb show. At blurred edges, there
are in nite blur direction/ blur extent pairs that represéme blur,
seec.



Figure 0.2.: Blur parameters estimation using Fourier pospectrum. The
Fourier power spectrum of motion blur PSFs presents zero-
patterns, which are clearly distinguishable on blurredtev@iaus-
sian noise, Figure 02b. The direction of these zero patterns is
related to the blur direction. However, the Fourier powercsm
of a blurred corner is mostly in uenced by the image stepstdue
edges than from the PSF parameters, Figure@.2



Figure 0.3.: Blur Parameters Estimation using derivatilters. The direc-
tion having minimum energy response on white Gaussian noise
is the blur direction, Figure 0a8b. However, at blurred corners,
the minimum energy direction is typically the one of the ptst
blurred edge, Figure Ocd.






1. Estimation of Blur Parameters
at Corners

This chapter presents an observation model for motion dafimages and in
particular focuses on regions containing image cornerg probposed model
considers both blur and noise. We assume that each cornéurisbby a
convolution against a Point Spread Function (PSF) haviatpydike support.

We address the issue of estimating the blur direction anehéit a region
containing a corner, and we derive three solutions.

Experimental results both on synthetic and camera imadpsy accurate
estimates of the PSF in small corner regions. The algoritdesribed in
this chapter have been published in two papers in confengrumeedings, see
[5, 6].

1.1. Motivation

This chapter presents novel algorithms to estimate spatiatying blur from
a single image, assuming that the relative motion betweewdmera and the
scene produces “rectilinear smears” in the blurred imadee ifhage is there-
fore blurred along line segments whose direction and exentvarying be-
tween the image pixels.

This observation model is particularly suited for imagegquaed by agile
cameras in indoor environments [14, 19]. These images, whptured at
reduced lightning conditions are often motion blurred: fees éxposure time
is (automatically) increased in order to acquire normadgased frames, the
camera motion results in signi cant blur in the recordednfea Moreover,
when the scene presents various depths, the resultingstdtnongly spatially
varying.

The proposed algorithm analyzes image blur speci callyegtons that con-
tains a corner as at blurred corners #gperture probleni38] does not hold,
contrarily to blurred edges. Figures 0.1 and 1.1 show a rdégeription of
what is the aperture problem is when : the blur direction dnedktiur extent
can be clearly perceived within regioAsandD of Figure1:1, while it is not



possible to give a unique interpretation to the blur di@ctnd the blur extent
in regionsB andC. The same situation is faced in regions where the image is
smooth: the aperture problem still holds as there are patlnin nite pairs
blur direction/blur extent, that could have caused the Salore

Corners, instead, offer a clear interpretation of motioreation and ex-
tent and that's the reason why we design an algorithm to astirmotion blur
speci cally at corners. At the same time, regions contajrém image corner
can be easily detected and the image content easily moddeckover, cor-
ners often correspond to boundaries between scene olgadttherefore they
are relevant for motion understanding.

1.2. Related Works

Pixel motion estimation is a relevant issue for both imageessing and com-
puter vision, as it is often required as a preprocessing istesgveral algo-
rithms. When a signi cant displacement occurs between #rmeera and the
scene during the exposure, this results in a blur in the aegjiinage. The blur
heavily corrupts image quality and the estimation of therilg process is a
challenging problem.

Sometimes, the observer can exploit few images capturiagdme scene
[2, 48, 74] or images produced by hybrid imaging systems fbatexample,
employ simultaneously two cameras [3] or acquire sequigntiao images
varying the exposure [62, 96]. Clearly, when a single imagavailable, the
blur analysis becomes more complicated and it is typicadgdied by intro-
ducing simplifying assumptions on image blur and explgitnpriori infor-
mation on the original image, when available.

In most of cases the blur is assumed a linear and spatialéyiat system
on the image. Thus it corresponds to a convolution of thel jdeginal image
(representing the captured scene without any artifacbdtoiced by the acqui-
sition device such as blur or noise) with an unknown keria,Roint Spread
Function (PSF) of the blurring process.

Algorithms that pair blur estimation and image restorafrom a single im-
age (blind deblurring) have been widely studied in the lastadles, [11, 12,
52]. Recently, Fergust al. [25] showed good performance in camera shake
removal from a single blurred photograph by using a Gaussixiure prior
for the distribution of gradient norms in natural images.eyfassume spa-
tially invariant blur on the image, as most of deconvolutimsed algorithms
do. They also assume non parametric PSFs which seem toloe&aithfully
the blur produced by camera shake in camera images. Levjngixked the
spatially invariant blur assumption and devised a blindlauteing algorithm
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combined with a segmentation of the image in (few) areasnigaihe same
blur extent, but again, the blur is assumed to have the sareetion in every
image pixel.

Most of the literature algorithms for parametric PSF estiomafrom a sin-
gle blurred image are based on the well known property thanaatution in
space domain becomes a pixel-wise product in Fourier Damaiparticular
motion blur PSFs are typically assumed as kernels havingrke support
and constant value on it. In this case the Fourier power spragbresents par-
ticular patters which are related to PSF parameters thabeahus estimated
with several analysis methods [15, 24, 49, 52, 67, 68, 75, 76]

A different approach is based on high-pass ltering the imagspace do-
main [94, 95] with directional Iters and taking the direati having minimum
energy response.

Also the wavelet transform [18, 61] has been used in ordestimate the
PSF from a single blurred image. Rooetsal. [26] exploits the sparsity of the
wavelet subbands for estimating the PSF parameter. Thiictée Gaussian
PSF described by one parameter, even if the method couldéxed®d to other
parametric PSFs families.

Blur estimation from a single blurred image has been adddeky several
purposes other than deblurring: optical ow estimation,[76], its integration
in a tracking system [49], the measurement of vehicles [58] Izalls speed
[57] or scene depth [53, 58]. Klein [51] recently developegyaoscope by
measuring the rotational blur in each video frame of a rahotinted camera.

The most interesting and straightforward application lieralgorithms pro-
posed in this chapter is the optical ow estimation from ggé&motion blurred
image. The optical ow in the blurred image shows the motibattthe cam-
era underwent during the exposure. This issue has beeallinitiddressed
by Rekleitis [75, 76]. He proposed a Fourier transform baagdrithm for
handling spatially variant blurred images, treating ther lals locally shift in-
variant. He de nes a tessellation on the image and then aealthe Fourier
power spectrum of each of the tessellation regions separatewever, all the
frequency-domain based algorithms does not allow coriecijarameters es-
timation in image regions having small sizes, as pointedrotite introduction
of this part and as illustrated in Figure 0.2. Finally, a ¢desable drawbacks
of using a xed xed tessellation is that blur estimate coudd strongly bi-
ased by the image content. This happens for example whemarderdivided
into two different regions of the tessellation. None of thve tegions allows a
correct interpretation

13



Figure 1.1.: Synthetic blurred corner

1.3. Problem Formulation
The observatioz, corrupted by spatially varying blur and noise is modeled as
z(x)= K(y)(x)+ (x); x2X (1.1)

X being a vector representing image coordinates varyingedidtrete domain
X,y is the original (and unknown) image akd the blur operator. The term
models quantization errors and the electronic and thermiaenwhich are

together modeled as white noise

1.3.1. The Blur Model

We assum& as a linear blur operator and therefore, in its more generai f
is [4] z
Ky)(x)= k(x;s)y(s)ds; 8x 2 X ; (1.2)
X

wherek(x; ) represent the Point Spread Function (PSK) ae. the response
of the blur process to a point sourcexah the original image. It thus describes
how the intensity of a pixet in the original imagey(x), is spread "or mixed"
with the neighboring pixels in the blurred observation.
Typically K is assumed spatially invariant, ile(x;s) = k(x s), therefore
Equation(1:2) becomes a convolution against a H8F
Z

K (y)(x) = . h(x s)y(s)ds =(h~y)(x); 8x2X ; (1.3)

where~ denotes the convolution operator.
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The assumption about spatially invariant blur is too resie as scene points
usually follow different trajectories with respect to thentera viewpoint and
this results in spatially variant blur in the image. In otlhwards each pixel has
been processed with a different PSFs. In a broad scenastalép invariant
blur of Equation(1:3) does not describe, for instance, scenes containing sev-
eral moving objects, scenes with a moving target on a stilkeound or non
planar scenes captured by a moving camera.

On the other hand, solvin@.:2) is an extremely challenging inverse prob-
lem. To reduce its complexity the blur operatoris locally approximated as
shift invariant blur, i.e.

8xp2X,9Uy X ; Xg2 Uganda PSR such that

Z

K (y)(x)t Vo(X  s)y(s)ds8x 2 Up: (1.4)
X

Furthermore, we consider only parametric PSFs de ned orelr-B linear
support. These PSFs can be written as

Vo= R(y(s)(x) 2[0;2 ];12N;x2 Up: (1.5)
8
< 1=21+1); | x; |

Si(X1;X2) = . X2=0
0 else

where andl are motion direction and extent respectively dd, (s) is s
rotated by degrees oiX.

1.3.2. The Corner Model

Lety be a gray scale image or, equivalently, a color plane in a éolage and
letA X be aregion containing a corner. The image containisary corner

if y(A) = fb; @, wherebandc are image intensity values for the background
and the corner, respectively. MoreovBr,= y (fbg) andC = y (fcg),
the sets of pixels belonging to the background and to theecphave to be
separated by two straight segments, having a common endpgairexample

of binary corner is shown in Figure 1.2.

Let us de new as the corner displacement vector: this vector has thenorigi
at the location of the corner pixel on the image grid and tmeation and
the lengthl corresponding to the direction and the lengtlvgifthe PSF which
locally approximates the blur operator.

We further assume tha&tdirection belongs to an interval determined by the
edges direction. Let introduce a reference axis in the inzagklet be the
amplitude of the corner angle, letbe the direction of w.r.t. the reference
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Figure 1.2.: The Binary Corner model

axis and let be the orientation of the corner bisector, as illustrateBigure
1.3. Thus, we initially restrict ourseves to corners hawrgplacement vector
satisfying the following assumption

2] =2 +=2+k k 2N: (1.6)

Figure 1.3a shows a corner displacement vector satisfying this assampt
while Figure 1.3 shows a corner that does not.

Figure 1.3.: Two possible cases for corner displacemenssitisfy Equation
(1.6), whileb does not.

In real images corners are, in general, not binary. It ismealsle to expect
corners to be distinguishable from their background, budlgathey would
be uniform. Often their intensities are varying due, forrapée, to texture,
shading or details presented.
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Therefore, in order to take into account corners with fevgtwrctured de-
tails, we introduce in Equation (1.1), another source oft&vhbise . This is
done only for corner regions where the image content is biodeled. Thus,
within a corner regiom\, the observation is described as follows

z(x)= K(y+ )(x)+ (x); x2A (1.7)

being white noise.

By Equation (1.7), the result of blurring of non-binary cerris consid-
ered equivalent to the result of blurring a binary cornertaomnated by white
noise.

1.3.3. Problem Formulation

After having speci ed the corner and the blur model, we folae the ad-
dressed problem.

Given an image regioA that contains a blurred corner, satisfying the re-
quirements stated in Sections 1.3.1 and Section 1.3.2, aalrigito estimate
the corner displacement vectey and thus the direction and extent of the
PSF representing the blur A.

1.4. Least Squares Solution

In this section we derive the core equations for estimatiegcorner displace-
ment vectorr (and thus the blur parameters) within a regfithat contains a
blurred corner. First, we present the proposed least sgjsatation assuming
binary corners, and then we consider how the estimatedadispient vectors
change when corners are not binary.

1.4.1. Binary Corners, Least Squares Solution

Let us examine an image region containing a binary corriag,thie one de-
picted in Figurel:2. Letd; andd, be the rst order derivative lters w.r.t.
horizontal and vertical direction respectively. The imggadient is de ned as

f 2(x) = 2&; ST KO+ (08X 2X ;

wherez; = (z~ di) andz; = (z~ dy).
It follows that, denoting by = jc by the difference between the image
intensities at corner and at the background as shown in &gdy

=~v rK(y)(x); 8x2Ag; (1.8)
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Figure 1.4.: Mesh of pixel intensities within region A of kig 1:1. The dis-
placement vectox and , the difference between corner and
background colors are shown.

whereAg = fx 2 Ajr K (y) (x) 6[0;0]"g, denotes the scalar product and
v is the corner displacement vector (one column vector).

Note that the scalar product in right hand side of Equatio®) (& positive.
This follows from the assumption stated in Equation (1.Bjcew forms with
the gradient K (y) (x) an angle smaller tharr 2.

Equation(1:8) has no unigue solution as andK (y) are unknown and
only z, which is however corrupted by noiseis known. Similar uncertainties
are typically resolved by considering several instancdsqufation(1:8), each
one evaluated in a different pixel #g. In fact, Equatiorn(1:8) gives the same
solution8x 2 Ag.

We callw a window described by its weight; ; n <i<n , and we solve
the following system

MX)¥= [ w n;ZZZ;WO;ZZZ;Wn]T 8x 2 Ap; (1.9)
where the matriM is de ned as
W onrz(x )7
M (x) = Wo I ”z'(x)T
Wi I 'z.('xn)T

In our experiment we choos® as a squared window having Gaussian dis-
tributed weights.
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v =arg m\i/n M (x) v [ w n;ZZZ;WO;ZZZ;Wn]T , ;8x 2 Ag;  (1.10)
which yields
v=H 0OMT(X) [W n;onworsiwa]' 8x 2 Ag; (1.11)
2 P P
CwWPzi(xi)® wRza(xi)za(xi)
|

Wzba)ma) . whza()?

H=4P

Note thatH corresponds to the Harris Matrix [35], whose determinartt an
trace are used as corner detectors in many feature extragtjorithms, see
[65] and references therein.

Note also that wheA does not contain any image corner, the determinant
of H is close to zero and whem(x) = k andzy(x) = kO 8x 2 Ag, k
andk®2 R, H is singular and consequently the syst@ir 1) has no a unique
solution. This happens when the corner region intersedysome blurred edge
(like regions B and C in Figure 1.1). Then the systéiril) has an in nite
number of solutions and the motion parameters cannot baasiil.

On the contraryH is nonsingular whew intersects two blurred edges (like
regionA in Figure 1.1) and in this case the systéhill) has an unique solu-
tion.

The least squares solutidfi:11) performs optimally in case of Gaussian
white noise (here we assume thas white noise, without specifying any dis-
tribution). However, in low-noise regions (i.e. regionsesh noise standard
deviation is signi cantly lower than ), Equation(1:11) represent a subopti-
mal solution.

Equation (1.11) gives a solution which depends on the censitipixelx 2
Ao: let us denote this solution a€x). When a different pixek®is taken in
Ao, the solution¥(x9) may be different, as the window is centered ax®
Therefore a procedure is required to determine the mostbielisolutionw
from the set of solutionbw(x;)g; ; 8X; 2 Ap.

A solution consists of taking the corner displacement veefg), x being
the center ofA. A less naive solution can be based on statistical analysis
on the sef w(Xj)gi; 8x; 2 Ag. For exampley can be taken as the mode
of vectors infw(X;)gi; 8Xj 2 Ag or by analyzing separately directions or
extents of the estimated displacement vectors with a mealiaan weighted
median. The weights can be determined as proportiongdatfH )(x)j as
it determines "how much" there is an image cornex aaccording to Harris
corner detector, [35].
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1.4.2. Non Binary Corners

The algorithm proposed in Section 1.4.1 assumes that ti@rAgcorresponds
to a region in the original image whey¢A) = fb; @, i.e. there are only two
intensity values iry. These "cartoon world" corners are far from being similar
to corners of camera images, as noted in Section 1.3.2.

Let then consider how Equati¢fh:8) changes if it presents also the noise

rzx)=rKy+rK()x); 82X: (1.12)

Note that Equatiol:8) holds forr K (y) (x), while it does notfor K ( ) (x),
the second term in the right-hand side of Equation (1.12)wéler, the blur
operatorK (), which is locally a convolution with a PSF, produces a cerel
tion of samples along the motion direction [94], so that we have

rc()x) w;t 0;8x2Ap; (1.13)

which means that the larger the blur extent is in the consitleegion, and
consequently the correlation among random values iocreases, the more
our algorithm will work for regions where corners are notdin

1.5. Robust Solution

Although Equation(1:13) assures that the proposed algorithm would work
even in presence of noise we expect that outliers would heavily in uence
the solution of Equatiotf1:11), since it comes from th&? error norm mini-
mization of Equatior{1:10).

Beside pixels where K ( )(x) w6 0 there could be several other noise
factors that are not considered in our model but that we shmeibware of. For
example compressed images often present artifacts at edghsas ringing
or blocking, corners oly are usually smoothed and edges are not perfectly
straight lines.

However, if we assume that outliers are a relatively smattgmtage of
pixels, we can still obtain a reliable corner displacemettar estimate using
a robust technique to solve (1.9). We do not look for a veetwhich satis es
Equation(1:8) at each pixel, or which minimizes thé error norm ( like in
Equation(1:10)): rather we look for a value of which satis es a signi cant
percentage of equations in Systein9j, disregarding how is far from the
solution of the remaining equations.
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T Cx(ugiug)

P(x)
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Figure 1.5.7x(u1; up) set of possible endpoint fex(x)

1.5.1. The Voting Approach

For every pixelx 2 Ag, we de neP (x) as the projection of the displacement
vector along the gradient direction

r z(x) r z(x)

_ _ _ 8% 2 A 1.14
ir z0g dir z(X)jj 0 (1.14)

P(x) =

where denotes the scalar product. It follows that, when the astompf
Equation (1.6) holds, from Equation (1.8),

_rz(x)
CRNTTTE (119
we have that (x) corresponds to the component along z(x) direction,
8x 2 Ao.

The endpoint of any vector, solution of (1:8), lies on the straight line
perpendicular td (x), going through its endpoint.

As in usual Hough approaches, we consider a (2-D) paranyeeed, con-
taining all the possible location for the endpointsrofThe parameter space is
subdivided into cells of suitable size (e.g. 1 pixel) ancexed by two coordi-
nates,(us; up). Let de ne “x(uz; uy) as the locus of the possible endpoints of
v, compatible with a given datumz(x): it follows that "« (u1; uz), is aline as
shown in Figure 1.5. A vote is then assigned to each cell thiatains a value
of v that satis es an instance of Equati¢t:8), i.e. "x. This vote is summed
to the votes coming from the other data. The most voted agfiesent values
of v that satisfy a signi cant number of equatio(is9).
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1.5.2. Neighborhood Construction

In order to reduce the approximation errors due to the disgr@arameter space
and to take into accoumt , we construct an ad-hoc neighborhogdfor as-
signing votes in the parameter space. We builih order to assign a full vote
(e.g 1) to each parameter pair which solves Equaio8) (the line of Figure
1:5), and a fraction of vote to the neighboring parameter p&ifs.de ne thus
the following weight function

h Uy ol

Tolu .

“(Ug;up) = exp
where , isr standard deviation arklis a tuning parameter. The weight
function™ has the following properties: it is constant and equdl ¢mu; axis,
(i.e. "(ug;0) = 1), and when evaluated on a vertical lifeg = const), itis a
Gaussian function having standard deviation that is ptop@al tojuj, i.e.

“(ug;u2)  N(O;1+ Kjuij ¢ )(u2); 8(uz;up) 2U

We select this weight function as a prototype of the vote ngagenr z(x),
the votes are distributed in the parameter space as thesvailuepportunely
translated and rotated. The straight line of Figit® "« (us; uy), is therefore
replaced by function rotated by( ) degrees and translated so that its
origin is in P (x) endpoint, i.e.

x(uu2) = Ry () ([usiua]”  P(x)); 8(ussuz) 2U 5 ; 8x 2 Ag:
(1.17)
where isr z(x) direction and?(E ) isthe rotation of ; ) degrees.

In such a way, we give a full vote to parameter pairs which aeetesolu-
tions of (1:8) and we increase the spread of votes as the distanceRromh
endpoint increases.

Figurel:6(a) shows how votes are distributed in parameter space for a vec-
tor P(x). Figure 1.6(b) shows parameter space after having coesicat
data, the arrow indicates the vectoestimated.

1.6. Performance of the Algorithm Based on the
Hough Transform

1.6.1. Implementation Details

Given a regiorA containing a blurred corner, we proceed as follows

» Estimate on the whole image, using the linear ltering procedure
proposed in [42] or any other method presented in Appendix 7.

22



(b)

Figure 1.6.: Votes in Parameter Space. (a) An illustratibthe weight func-
tion “x(ug; uy), used to spread the votes in the parameter space.
The vector represents the projection veddx). (b) The sum of
votes in the parameter space, after having consideredtall Ghe
green vector represents the estimated corner displaceraetur
¥,

» De ne Ay, the set of considered pixels as
Ag=fx2Ajjr zxX)jj>Tg

T > 0being a xed threshold. In such a way we exclude image pixels
where the value is constant but gradient is non zero becduseand

. The thresholdr is typically de ned asT = n; , n; being a tuning
parameter.

» Estimate as = jmax(Ag) min(Ag)j+ n¢

» \oting: 8x 2 Ag distribute votes in parameter space computip@is; u»)
and adding them to the previous votes. khgarameter used i(8:9) is
chosen betweej®:02; 0:04].

» The solution of Systen(l:9), v, is the vector having endpoint in the
most voted coordinates pair. Whenever several parameitsreaeive
the maximum vote, their center of mass is selected esdpoint.

» To speed up the algorithm, we eventually consider gradiaties only
at even coordinate pairs.
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1.6.2. Experiments

We validate the proposed algorithm with tests on synthetiages, on test
images synthetically blurred, and on camera images bllreeduse of camera
motion.

Synthetic Images

We generate synthetic images according to Equdtion), using a binary cor-
ner (according to the model of Secti@r8:2), takingy constantly equal t0 at
background and equal tbat corner pixels and we addand with Gaussian
distribution.

Corner displacement vectors have been estimated on seyerthletically
generated images with values of the standard deviationg [0;0:02] and

2 [0; 0:08]. Blur has been produced by a convolution with a PStaving
direction10 degrees and lengt?0 pixels in the rst case and0 degrees and
30pixels in the second case.

Figure 1.7 and Figurel:8 show some test images and Taklé and Table
1:2 present algorithm performance in terms of distance, inlpiré, between
the endpoints of the estimate#f,and the true displacement vectgrexpressed
as a percentage w.r.t PSF length.

Comparing the rst two rows of Tablé:1 with those of Tablel:2, we note
how stronger blurs introduce higher correlation betweesamples and gives
more accurate results, as expressed in EquétidrB).

When = 0:02the algorithm accuracy is signi cantly decreased.

[ [ 0 [ 002] 004 006 0.08 ]
0 | L19% | 2.3% | 167 | 3.20% | 5.40%
0.01 | 6.5 | 2.99% | 1.6M% | 4.21% | 1.68%
0.02 | 4.14% | 7.5M | 5.40% | 3.9%6 | 3.35%

Table 1.1.: Result on synthetic imagashas direction 10 degrees and length
20 pixels, 2 [0;0:02]and 2 [0; 0:08].

[ [ 0 [ 002 [ 0.04] 0.06 [ 0.08 |
0 | L1996 | 1.086 | 1.996 | 2.2 | 0.98%
0.01 | 3.086 | 0.31% |3.99% | 1.43% | 2.5%6
0.02 | 9.39% | 10.1%6 | 6.55% | 7.69% | 7.50%

Table 1.2.: Result on synthetic imagashas direction 70 degrees and length
30 pixels, 2 [0;0:02]and 2 [0; 0:08].

24



‘t‘
Figure 1.7.: Synthetic test images used PSF diret@adegrees and lengt20

pixels, ina =0 and = 0:08 whileinb = 0:02 and
=0.

Figure 1.8.: Example of synthetic test images used, PSF wasted 70 de-
grees and lengtBOpixels,ina =0 and =0:08, whileinb
=0:02and =0.

Synthetically Blurred Real Test Image

We replace the original image at corners, y& with a common test image
and we blur it using a convolution with a PSF on the whole imalye nally
add white Gaussian noiseand analyze the blurred noisy image within some
regions containing a corner.

We takehouseas the original image and we manually select ve squared
windows of side 30 pixels at some corners. Fighr@ shows the original
and the blurredhouseimage (using PSF with direction 30 degrees and length
25 pixels) and the analyzed regions. Figar&0 shows two vectors in pixel
coordinates, the estimatetl(dashed line) and the vector having true motion
parameters (solid line), for each selected region. TaBeshows distance
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Figure 1.9.: Original and blurred house image. Blur hasctive of 30 degrees
and 25 pixels length, analyzed regions are numbered.

between the endpoints of the two vectors.

region1 * region2 ~ region3

region4

Figure 1.10.: Displacement vectorsestimated in selected regions of synthet-
ically blurred housetest image. The solid line is the true dis-
placement vector, while the dotted line represents thenastid
displacement vector.

1.6.3. Camera Images

We perform a second experiment using a sequence of camegasieaptured
according to the following scheme

+ astill image, at the initial camera position.
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\ HRl\R2\R3\R4\R5\
0 [[2.07]275]3.19]1.87] 2.04
0.01| 0.32| 6.91| 3.52| 2.64 | 4.58

Table 1.3.: Estimation error: distance betweerndpoint and displacement
vector, expressed in pixels, on each image reglon

* a blurred image, captured while the camera was moving.
+ astill image, at the nal camera position.

We estimated the blur parameters at some manually selestedraegions
in the blurred image and we compare these results with thengrtruth, given
by matching corner found by the Harris detector in the imagé&en at the
initial and at the nal camera position. Clearly, the acayrabtained in mo-
tion estimation from a single blurred image is lower thar thiatained with
methods based on two well focused views. However prelinginasults show
good accuracy. For example, motion parameters estimategjion 2 of Fig-
ure 1.17 are particularly close to the computed ground textén if the corner
is considerably smooth, as it is taken from a common swivairch

Figures 1.12 - 1.16 illustrates the algorithm results atgblected image
regions. As Figurd:13 shows, the votes in parameter space are more spread
around the solution than in Figulel2, where the corner is close to the model
of Sectionl:3:2. Tablel:4 shows result using the same criteria of Tahl@

Results are less accurate than in previous experimentsigeeacording
to experimental settings, motion PSF could not be perfesitigight or per-
fectly uniform, because of camera movement. This affea@satgorithm per-
formance.

R1| R2|R3|R4|R5
0.4411.90| 1.09| 3.95| 3.75

Table 1.4.: Estimation error expressed in pixel unit on eawye regiorR.

1.7. Remarks

The results obtained from the experiments, performed bothynthetic and
camera images, show that the image at blurred corners hasbiably mod-
eled and that the solution proposed is robust enough to cajeani cial
noise and to deal with camera images.
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region 1 . region2 - region 3

........

region4 . region 5

Figure 1.11.: Displacement vectargstimated in camera images. In each plot,
the solid line indicates the true displacement vector oktiby
matching corners of pictures at initial and nal camera gosi
Dotted line represents the estimated displacement vector

The results show also that there are only a few useful cornecamera
images. This is mostly due to background and corner non umifg caused
by shadows, occlusions or because the original image gbelivs signi cant
intensity variations. Another motivation is that only cers satisfying assump-
tion of Equation (1.6) are considered, while the others &earded.

In the next section, we will present an extension of this @dlgm which
is able to estimate the displacement vector at corners wdrelmoving like
Figurel:3 b, i.e. corners that do not satisfy assumption (1.6). This el
possible thanks to a procedure to discriminate whetherdhsec has a "self-
intersection" because of image blur (like those in FiguBaand Figure 1.1, region D),
or not (like Figurel:3 b and Figure 1.1 region A).

1.8. The Orientation Ambiguity

Let now consider a squared regidncentered in a local maximum of Harris

measure [35], see Figulel. The motion of the image corner during the expo-

sure is described by the corner displacement veetbtowever, since there is

no way to determine which is the initial and which is the nalroer position

from a single blurred image, the corner displacement vextnibe determined

only up to its orientation. Therefore its directiorhas to be considered up to
: in what follows we assume 2 [0; ].



Figure 1.12.: Figure Original corner in imagé blurred cornerc setAg of
considered pixels andl votes in the space parameter

The same orientation ambiguity holds for the projecti®nsf vectorw on
directions orthogonal to the corner edges (1.14). X2 Ao be a pixel be-
longing to a blurred edge, see Figure 1.21. Let denotie () the projection
of v on the gradient vector at,, i.e.

r Z(Xa) r Z(Xa) . (118)

P(xa) = — — =
(xa) ir z(xa)ii ir z(Xa)ii

where denotes the scalar product. Figure 1.19 shows the prajegéotors
in the blurred corner model.
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Figure 1.13.: Figure Original corner in imagd blurred cornerc setAg of
considered pixels andi votes in the space parameter

By relaxing assumption (1.6), also corners like those ofifgédl.® has to
be taken into account. For these corners, the angle betvineegradient at
blurred edges K (y) (x) and the displacement vecteris larger than= 2,
as shown in Figure 1.20. Therefore the scalar produgt (y) (x) v could
assume negative values. Therefore Equation (1.8) becomes

0 if rK(y)(x)=0

;  otherwise Bx 2 A (1.19)

rK y(x) w=

Assuming thak, 2 Ag (and thus K (y) (x) 6 0) and substituting Equa-
tion (1.19) into the right-hand side of Equation (1.18), vagdnthat the projec-
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Figure 1.14.: Figure Original corner in imagé blurred cornerc setAg of
considered pixels andl votes in the space parameter

tion of v alongr z(xjy) direction is

r z(x)
iir z(x)ji?

It follows that v cannot be trivially computed whenever two projections
along two different directions are available, like in theyous case. In fact
letxp 2 Ag; Xp 6 Xa, thenifr z(xy) andr z(xy) are linearly independent,
four displacement vectorsw, and w» are identi ed by back-projection of
the four vectors P (x5) and P(Xyp), asillustrated in Figur&:22. These four

displacements vectorsw; and w, are indeed two pairs having the same di-
rections and opposite orientations. As pointed out befibrere is no way to

P(x) = 7 8x 2 Ag: (1.20)
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Figure 1.15.: Figure Original corner in imagéd blurred cornerc setAq of
considered pixels andl votes in the space parameter

exploit motion orientation from a single image so that we aasume the cor-
ner displacement direction 2 [0; ] and reduce to consider onty andw,
whose directions1; 2 2 [0; ].

Whenr z(x5) andr z(xp) are linearly dependent, the motion direction can-
not be estimated. This happens when bgtlandxy, belong to the same blurred
edge, where all gradient vectors have the same directiois Stuation hap-
pens at blurred edges, as illustrated in Figure 1.1, redsoaadC.

Therefore in a blurred corner region, up to an orientatioaswhere are
two admissible displacement vectgarandw,. As Figure 1.23 shows, a single
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Figure 1.16.: Figure Original corner in imagé blurred cornerc setAg of
considered pixels andl votes in the space parameter

binary corner, blurred with two different PSFs (whose pastars are given
by v andw,), may present the same blurred edges. In order to disantbigua
which is the correct corner displacement vector then, wesddvadecision
function presented in Section 1.10.

1.9. Selection of Best Projection Vectors

Consider an image regioh containing a binary corner and assume no noise,
i,e. =0and =0. Denote byr K y (X5) andr K y (xp) the gradient
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Figure 1.17.: Laboratory Image and selected regions

vectors at pixelst; andxy belonging to the two blurred edges, as shown in
Figure 1.21, and denote B/(x,) andP (xp) the projections of+ along their
directions. When the considered image regfons large enough, the high-
est peaks in the 2-D histogram fof z(x;)0gx, 24, represent the end points of
r K y (xa) andr K y (xp), thenP(x5) andP(xp) are promptly obtained
from Equation (1.19).

Let now examine how and affects vectors z(x). If and are white
noise, according to (1.7) we have that

(z~d) () _ (K y+ )+ )~d)(x) g 5.

(z~ d2)(x) (K (y+ )+ )~ d2)(x) '
(1.21)

Let h be the PSF which is approximating the blur in the selectedezaegion.

The noises and are transformed by the blur operator and by the image

gradient in the following way,

r z(x) =

o~ . ((~W=d)X) |
S S 109 SRR A (U 5 RO 3% SRR
(1.22)

Therefore it follows thaE[r + r ]=0 and thus the mean of all gradient
vectors for pixeldelonging to the same blurred edgean unbiased estimator
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Figure 1.18.: Algorithm results on a picture taken from achhald camera

forr K (y)(xa) orr K (y) (xp).

Figure 1:24 presents the 2D histogram ofz(x);x 2 Ag. There are two
clusters, clearly distinguishable, as the gradient vecaoe orthogonal to the
corner edges. If we separate the gradient vectors in theseltisters, and then
we average the gradient vectors on each cluster, we obthinsed estimates
of r K (y) (xa) andr K (y) (Xp). Areview on clustering can be found in [43].

Moreover, when and are Gaussian distributed, also andr are Gaus-
sian distributed. Then, the two most frequent gradientorsabn each cluster
of the 2D histogram can be taken as in the Gaussian case tleesésa un-
biased estimates of K (y) (xa) andr K (y) (Xp). It is therefore possible to
avoid clustering by imposing a minimum angular distanceveen the two
highest peaks in the 2D histogram of all the gradients (asitige between
the two projections of along edges directions is proportional to the angle at
corner).

Oncer K (y) (xa) andr K (y) (xp) have been estimated, Equation (1.19)
gives P(xy) and P(xp), and thus# andw, are obtained, see Figure 1.22.

For corners such as the one of regldrin Figure 1.1 there is a third cluster
of vectors in the histogram, corresponding to the gradierthe triangular
shaped area between the corner blurred edges. When thel@ausicorner
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v P (Xa)

Figure 1.19.: Blurred Corner Model: Mesh of pixel interestiwithin region A
of Figure1:1. The projection vector® (x5) andP (x,) are also
shown.

region is large enough, the number of pixels belonging tdescthe two

blurred edges is larger than the number of pixels in the guéar area. This
should not be taken as a projection vector. However, whermdhger region
has not been accurately located around the corner, thisgtriar area may
yield uncorrect estimates.

1.10. Decision Function

Due to the fact that orientation is unknown, both orientations Bfx;) and
P (xp) have to be considered so that there are two possible sadytigrand
¥ (see Figurel:22). The decision function determines which one, between
andw., is, up to its orientation, the true displacement vector.

Loosely speaking, blurred corners can be divided in twoselasaccording
to the presence of an area where gradients are orthogortad toue displace-
ment vector. The rst class contains corners like the oneasgnted in Figure
1:1 regionD and in Figure 1.2®. This class of corners shows an area whose
pixels belong to the sét; = fx 2 Ag; r z(x) ? wg. An example of corners
of the second class is reported in Figaré regionA and in Figure 1.2@. For
a binary corner of the second clags= ; ;i =1 ori = 2 holds and therefore
the number of pixels having gradient orthogonal to each idatel displace-
ment vector (i.€f Z;) is taken as a discriminant between the two classes.

For a binary corner of the rst classt Z; corresponds to the surface of
a triangle between the two blurred edges, whose value indibal icases;
(resp.Sy) can be calculated from (resp.w) andP (xa) andP (xp). If #Z,
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V2

P(xp) P P(xp)l PO

Figure 1.20.: Two different kind of corners: in the rst casg, the inner prod-
uct in Equation (1.19) gives , while in the second cas®)
gives . Infact in casea the angle betweer and P (x) is
smaller than= 2 while in caseb this angle is larger tharr 2.

(resp.# Z5) corresponds t&; (respS;), thenw (resp.w») is taken as the true
displacement vector.

The conditionr z(x) ? w, in the de nition of the se¥; is relaxed in order
to manage camera images and is replaced by

Srz(x) w C A
# XZAO’JTZ(W Si 1i=1;2; (1.23)
wheret represent the cosine of a threshold angle between the twiorsec
Whenever both andw, satisfy(1:23), the one having the largest value in left
side of(1:23) is taken.

Whenever both# andw, do not satisfy(1:23), the corner belongs to the
second class. In this case, the derivative along motiorctitire is constant
in Ag, i.er z v = const 8x 2 Ag. This yields+ , or in Equation
(1.19), and the signum does not change in the region. Therhistograms of
directional derivatives along directionswfandw, are computed and the more
peaked one is selected. The sample kurtosis is taken asduesisemeasure.

Finally, in order to obtain a reliable estimate of the motéxtent, an accu-
rate estimate of = jb ¢ is required, as scales bothP (x5); P(Xp), as
illustrated Figure 3.5(a). The value ofis computed as the intensity difference
between the two highest local maxima in the histogram of eriatensities in
the corner region. Since there should be a clear differert@denb andc, a
minimum distance of half of the intensity range in the regerequired.
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Figure 1.21.: Blurred corner region: pixetg andxy belong to two different
blurred edges.

1.11. Experiments

The algorithm based on the procedure for select the bestqiimp vectors
described in Section 1.9 and the decision function destribeSection 1.10
has been tested on synthetic images, on a test image sgatheklurred and
on a camera image.

1.11.1. Synthetic Images

Synthetic images have been generated according to EquAtidy) with an
original imagey according to the binary corner model of Sectib8&:2 having
an angle 0oB0; 60, and45 degrees. The original image is constartlgt back-

ground and255 at corner pixels. Blur is produced by a convolution against a

PSF having exterit2 f 20; 30; 40g pixels, and direction 2 f 0; 15; 75;90g or

2 f 0; 20; 60; 80g according to corners edges orientation.

For each value of blur direction and extent a squared regioh00 pix-
els, taken around the Harris measure maximum (see Fig&p, has been
analyzed. Images have been corrupted by noisgth standard deviation

2f4;8;12,16g and by with standard deviation 2 f 1;2; 3; 49, accord-
ing to Equation (1.7).

Values reported Tables 1.11.1-1.7 ske wk=kvk i.e. the distance, in
pixels, between the estimated displacement vegt@nd the ground truth,
expressed as a percentage with respect to true motion exRegults have
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Figure 1.22.: P(x3) and P(xp) individuate via back-projection four corner
displacement vectorsw, and w».

been averaged alDrealization of for each value of and on all directions
and extents.

As , and increases, the decision function may fail to select the true
displacement vector: this occurred in ab8w8% of cases.

1.11.2. Experiment on a Test Image

The well knowncameramartest image has been synthetically blurred by a
convolution against a PSF directi@® degrees and lengthb pixels. Squared
regions of40 pixels centered in every corner selected by Harris corniectie
have been analyzed with our method.

Figure1:26 shows the blurred cameraman image and the corner displace-
ment vectors estimated. The dashed regions surrounding sérinem are
the regions where the estimated displacement veagteatis esjv vj < 2
in pixel unit, beingv the ground truth identi ed by the PSF parameters. The
average error in the correct matche®igl pixels. The algorithm results are
accurate in regions containing a corner satisfy the modsiguted in Section
1:3:2. The regions where the algorithm fails do not contain a lyicarner.

1.11.3. Experiment on Camera Images

A triplet of camera images have been captured according éddtowing

scheme. First a still image at the initial camera positiotaken, followed
by a blurred image captured while moving the camera duriegettposure.
At the end of the exposure, another still image at the nal esrposition, is
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Figure 1.23.: The same binary corner blurred with two déférdisplacement
vectors andw,. Their blurred edges coincide.

taken. In this way the algorithm performance on a real mdblarred image is
be compared with the ground truth obtained by matching tloestill images.
Again, the corners have been selected by local maxima ofsHagasure and
a region ofb0 pixels around each of them have been analyzed.

Figure 1:27 shows the blurred camera picture and the regions wjvere
vj < 7 in pixel unit, beingv the ground truth computed by feature match-
ing [86] in the corresponding region in the two still imagd$e errorjv  vj
averaged on all these regions4i84 pixels. The regions where the displace-
ment vectors are marked in red, represent regions whereettisich function
discards the displacement vector closer to the true digplaat vector (this
happens 4 times over 17).

1.12. Conclusions

The experiments show that the blurred corners have beabluinhodeled and
that is possible to estimate the blur even in a small imag®megontaining
a corner. The algorithm can be used for estimating the dptwafrom a
single blurred image as in [75, 76]. Estimating the opticadv at corners is
advantageous as the blur is analyzed only at some signiregidn, and not on
a xed image tessellation that covers the whole image. Oneal fessellation,
blur estimates may be biased by the image content. Moreaegbelieve that
spatial domain algorithms are more suited to blur parareetetimation as
they do not impose restriction on region size with respetiuo extent, while
Fourier transform based methods do.

In the next chapter we will address corner detection andregelection
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Figure 1.24.: 2d histogram of gradient.

issues, presenting a preliminary solution. The blur edesabtained with the
proposed algorithms can be used in initialization of debigralgorithms that
treat spatially variant blur, such as [89], which requiresnsupervision during
initialization.
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Figure 1.25.: Examples of Synthetic Test Images from datase
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| 4 | 8 | 12 | 16 |
1.77% | 1.73% | 1.53% | 1.48%
1.97% | 2.00% | 1.91% | 2.05%
2.52% | 2.76% | 2.58% | 2.61%
3.35% | 3.64% | 3.60% | 3.69%

A OWN R|—

Table 1.5.: Result on corner of Figue25a, | 2 f 20;,30;40g pixels, 2
f0; 15; 75;90g

| 4 | 8 | 12 | 16 |

2.50% | 2.33% | 2.31% | 2.66%

2.71% | 2.77% | 2.86% | 3.13%

3.44% | 3.61% | 3.82% | 3.75%
4.89% | 4.39% | 4.84% | 5.03%

A OWN R|—

Table 1.6.: Result on corner of Figude25b, | 2 f 20;30;40g pixels, 2
f0; 15; 75;90g
| | 4 | 8 | 12 | 16 |
1.87% | 1.9% | 1.83% | 1.86%
1.97% | 1.9% | 1.88% | 1.94%

253% | 2.3% | 2.27% | 2.29%
3.18% | 3.1% | 2.99% | 3.12%

B WN R|—

Table 1.7.: Result on corner of Figue25c, | 2f 20;30;,40g pixels, 2
f0; 20; 60; 80g
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Figure 1.26.: Cameraman synthetically blurred.



Figure 1.27.: Test on Camera Image.
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2. Corner Detection and Adaptive
Region Selection

In the previous chapter we presented algorithms which astirblur param-
eters in regions containing corners. In this chapter we esddtwo related
issues: the detection of blurred corners and the selectienregion around
each of them.

We propose two "naive" solutions, based on two intuitive&eblurred cor-
ners are detected combining the well known Harris measiileWh a mask
obtained by thresholding the gradient magnitude. The coBwon selection
procedure, gures out the blurred edges of each detectetbcon fact, the al-
gorithm of Section 1.9 exploits only pixels belonging to tierred edges for
determining the projection vectors and then the cornerlatisment vector.
Thus, the selected corner region may possibly contain dréigpbelonging to
the corner blurred edges. Other pixels, for example thosta®tackground
or pixels on blurred areas not belonging to the corner, havé® considered,
as these could bias the estimators of Chapter 1.

Blurred corner detector and adaptive region selectionquioe, combined
with the algorithm of the previous chapter allow to procesmgle blurred im-
age without any user interaction, and to estimate the dpteaby exploiting
blurred corners.

2.1. Blurred Corner Detection

Salient points in images are often extracted from the locatima of the Har-
ris measure [35, 59, 65]. At pixels having large Harris measthe Hessian
matrix of the sum of square differences function [35] has large eigenval-
ues. Therefore the image in a patch of these pixels is signily different
from any neighboring patch. On the contrary, the Harris mesais zero when
a directional derivative is zero.

In a blurred corner region, the Harris measure is larger erctliner smears
than on the blurred edges. By corner smears we indicate thef gexels
between the two blurred edges, corner smears have beerdshdeigure 2.1



a b

Figure 2.1.: The corner Smears, pixels shaded belongs tmther smears.

for both an example of corner of the rst class and of the sdcdass. At
corner smears the image changes in any neighboring paidhhasthe Harris
matrix has two nonzero eigenvalues. On the blurred edgelddhés measure
is zero as the derivative along the edge direction is eveeygvhull. Therefore,
provided that in the original image the corner is binary [5.( the image is
constant in the corner and in the background area), the $Hargasure has
a local maximum that belongs to each corner smear. This maricould be
any pixel of the corner smear but the adaptive corner regitatson procedure
does not require higher accuracy. Figure 2.3 shows the $Hareasure of the
image depicted in Figure 2.2, containing some blurred gsrne

In order to extract blurred corners and exclude possiblailden still areas
(the image may be not uniformly blurred), we consider onby lbcal maxima
of Harris measure belonging to the maskle ned as follows

= fxsitjjr 1(X)j>Tag; (2.2)

whereT is a threshold that has to be tuned considering the minimum ac
ceptable slope for the blurred edge or the noise standarictaev Image
noise can be estimated using any method described in App&ndihen
is post processed by using ordinary morphological opesd®&2] in order to
remove isolated points, small areas, thin lines and for mite larger areas.
Figure 2.4(b) shows the maskfor the blurred corner of Figure 2.4(a). There-
fore we have = 1 where the image contains blurred edges, whiteO at
still areas close te.

Corners are detected by computing the Harris measure orutredbimage
and by selecting the local maxima. This is a standard proeegtich is also
exploited in several feature detection algorithms [64puFé 2.5(a) show the
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Figure 2.2.: Zoom on an area containing some blurred coofdtgyure 2.4(a)

Harris measure for Figure 2.4(a). We estimate th&ng;=1 ....m as the location
of the maxima of Harris measure belonging tothese pixels are supposed to
be blurred corners and we run the corner region selectiotegioe presented
in Section 2.2, determining thus the regions where to esgiie blur direction
with algorithm [5]. Figure 2.5(b) shows corners selected.

The corner detection procedure is tuned by the parametail¢kermines the
minimum distance between local maxima of Harris measurebgrttie mor-
phological operators used for widening and eroding therétledge masks.
In such a way it is possible to increase the number of detemedkers in a
given blurred image. Finally, it is possible to run the prhoe for selecting
adaptively the corner regions (described in Section 2.d8)discarding those
corners presenting too small regions. Thus in the remigingrners, the blur
parameters are estimated using one of the methods preser@éepter 1 on
the selected corner regions.

2.2. Corner Region Selection Procedure
Image corners are characterized by the blurred edges, wreas the image

gradient vectors are approximatively constant. We desaiib iterative pro-
cedure, which is used both for selecting a data-adaptiveecaegion and to
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Figure 2.3.: In Red the Harris measure of Figure 2.2. Theislateasure on
the corner smeatrs is larger than in neighboring pixels.

test if the selected corner locati@ni = 1;::;; N corresponds to a blurred cor-
ner. The basic idea is that within pixels belonging to bldreelges the image
gradient are constant. Since the algorithms proposed iGtiagpter 1 exploits
only image values within blurred edges, in particular ttst ¢me based on pro-
jection vectors selection (Section 1.9), the adaptive eoregion will contain
only blurred edge area.

The adaptive corner region is build as the union of wedge eshdginary
masksW;. , wherej 2 fjo;::;Jg represents the wedge sizes and

2 f2i =A gi-0.::a the wedge orientation. All the masks have a vertex in
thei-th corner, moreover masks having the same orientation aredeist.

Wi;: Wi+, ;8; 8] = 1,33 1, see Figure 2.6. These wedge shaped
mask has been built from the supports of Local Polynomial rApipnation
kernels widely exploited in [45, 47] and reference therein.

Letdenoteby | =[r ly;r 15]°=[I ~ dq;1 ~ dq]°the gradientimage, where
d; andd, are derivative Iters along horizontal and vertical directs respec-
tively. The procedure is repeated on each gradient companenandr 1,
separately.

The adaptive region selection is a three step iterativeguhae which is
repeated for each direction of wedge mask2 f 2i =A gi=o...ao, and starts
fromj = 3.

. Compuﬁewj; , the average af 1, on the support ofV;, ,i.e.
Wi = yow, [ 1i(X)=# W where byx 2 W; we mean that
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(a) Blurred image acquired when moving a Canon EOS 400D.

(b) Gradient mask to extract blurred edges.

Figure 2.4.: Blurred image and blurred edge mask.

Wi, (x) =1 and where# W, denotes the number of nonzero element
» Computed; +1; ,theaverageaf I;on Dj+1; = Wj+1, W, ,the

area withi the two consecutively nested magks:; andWj; ;

d]+1’ = X2Dj+l; r |1(X):# DJ+1’ .
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(a) Harris corner measure (darkest area indicates hightsts).

(b) Corners detected combining the Harris measure with thdignt mask.

Figure 2.5.: Harris measure and detected corners.

* If dj+1; andw;;, “do notdiffer too much”, i.gw; dj+1j<M1
if d+1 >M 2 ,and nally, if the largest scale has not been considered
jet, the procedure is iterated from the magk., . . Otherwise the scale
j is taken ag , the largest wedge size containing blurred edges along
direction
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(a) Lines delimiting the supports of wedgéb) Example of Corner Regions Selected
maskswi,

Figure 2.6.: Corner Region Selection

HereM 1; M, are tuning parameters, is estimated using [20], see Appendix
7.
After having considered all directions &, we obtain

Uiz = [ Wj*; ; (2.2)
2A

and, repeating the whole procedurerolp, we obtainU;. 2, so that the adaptive
corner region selected fofth corner is

U = Ui [ Uiz: (2.3)

Figure 2.6(b) shows example of adaptive region selectioa sgnthetic im-
age, while Figure 2.7(a) shows the adaptive regions selent@und the cor-
ners detected in the blurred image of Figure 2.4(a). Figuré?} shows the
displacement vectors estimated with the algorithm preskeint Section 1.9.

Note that pixels inVj; ;8;j < 3, which are the closest to the estimated
corner location, are not considered as at these pixels du#egt is typically
discontinuous. Since the corner displacement vegisrestimated only from
the blurred edges, we do not affect the blur direction esamay excluding
these pixels. This results in a "hole" in the selected coregion, see Figure
2.6(b).

Figure 2.7(b) shows the corner displacement vector esbmperformances
on the camera image of Figure 2.4(a)
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(b) Corner displacement vectors estimated.

Figure 2.7.: Adaptive corner region selection and corngpldcement vectors
estimation.
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Part Il.

Blur due to Camera
Translation and Camera
Rotation
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The focus in the second part of the thesis is on the blur dueptore cam-
era translation or a pure camera rotation. We introduce aerghtion model
where the blur is represented by a spatially variant operdtas allows us to
correctly handle motion blurred images.

Although the blur produced by a camera translation is tylyicassumed
spatially invariant, some blurred images acquired duriamera translation
show smears which proves that are PSFs are pixel-wise garggone can
see from Figures 3.12 and 3.13. We therefore consider thé geogral case
of a translating camera in the 3D space and we propose anvalisermodel
based on a spatially variant operator for the blur. This rhbds been derived
by analyzing how a 3D translation of a pin-hole camera cadsrtipe image
being acquired. In Chapter 3 and in Appendix 7 we prove thahages taken
from a translating camera, independently on the capturedesdhe blur PSF
in each pixel has a 1D rectilinear support, and a uniformevaluit. Moreover,
the PSFs directions are pointing to a particular point onirtiege plane, the
epipolee. In Chapter 3 we prove thacorresponds to the vanishing point of
the camera translation direction. Theneagoes to in nity, the blur direction
does not vary and the spatially invariant blur correctlyodié® motion blurred
images when the capture scene is planar and parallel to thgeimplane, i.e.
when the depth does not in uence the image. However, wh@oes not go to
in nity, a sort of zooming effect, the radial blur, is obsed: In this case, we
also refer tcee as the blur center.

We address two main issues for these images. The rst issiine isstima-
tion of the coordinates of, given a single blurred image (Chapter 3). The
second issue is the restoration of radial blurred images,iimages acquired
during camera translation toward a planar scene, paralltid image plane
(Chapter 4). Radial blur admits a global parametric deonpas the location
of e and a blur extent parametérdetermine the PSF in every image pixel.
However, radial blur admits also a local parametric desionp as the PSF at
any pixelx; can be expressed as a function of its directiprand its extent
li. When the scene is not planar and parallel to the image plan®$F di-
rection at each pixel is still determined by the epipaléHowever there is no
an analogous formulation for the PSFs supports as theseagaoyding to the
scene depth. The relation between the PSFs support ancetie depth can be
used to reconstruct the scene depth from a single blurregama Chapter 5
we present some considerations about the capabilitiescofieging the scene
depth from a single radial blurred image and we point out semearks about
extending similar approaches to more general motions.

Finally, the blur produced by a purely rotating camera isstered in Chap-
ter 6. This blur is also modeled similarly to the blur prodiitxy a translating
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camera, with two parametric description. In fact the PSFaaheémage pixel
is described by the parameters of an arc of conic sectionselp@rameters are
related to the camera rotation axis and the camera anguwadsmhich thus
constitute the global blur parameters. In Chapter 6 we alesemt a novel
algorithm for estimating the camera 3D rotation axis anaitgular speed, by
analyzing a single (blurred) image. Contrary to the exgstimethods, we treat
the more general case where the rotation axis is not nedgssahogonal
to the image plane, taking into account the perspectivesfiinat affect the
smears.
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3. Estimation of 3D Camera
Translation Direction

Often the blur corrupting an image cannot be treated asadlyativariant be-
cause its characteristics vary considerably betweerrdifiemage pixels. Mo-
tion, one of the most important blurring factors, typicadlyrrupts the images
in a non-uniform way. This chapter focuses on images cagptoyea perspec-
tive camera that translates at constant speed in a 3-D sddreeblur in the
resulting images is characterized by smears, whose directind extents are
varying. However, in this particular case, the directiofslor smears are
determined by the camera displacement direction.

We devise an algorithm for estimating the camera displacémieection,
given a single blurred image, exploiting these smears asta fihe estima-
tion is based on blur analysis of small image regions. Theg®ns are auto-
matically detected and two different methods for analyZihg within them
are used, according to their content. The choice of the biatyais method
improves the overall estimation accuracy. A voting procedtombines the
multiple local estimates, increasing the robustness. Tdwrithm has been
successfully tested, both on synthetic and camera images.

3.1. Motivations

Motion blurred images embody information about the motiwet the camera
undergoes during the acquisition. Estimating the camer@gomavhen a sin-
gle blurred image is available is very challenging, esglgcighen the image
content is unknown. We present a novel algorithm for estimgathe 3D di-
rection of a translating camera by analyzing a single btuimeage, acquired
during the camera motion. We derive a description of thisrlilg process
by studing the 3D camera motion: it turns out that the resgilblur is spa-
tially variant and characterized by rectilinear smearsir Binears are segments
whose directions are determined by the coordinates (omthge plane) of the
epipole, i.e. the vanishing point of camera motion dirattimom now one.
The proposed algorithm estimates the smear directionsna soaitomatically



selected image regions, using two sorts of blur directigimedors. These di-
rections are combined in a voting procedure for determinlirggcoordinates
of e. Whenever the camera is calibrated it is then immediate terichéne the
viewing ray througte and thus, the camera motion direction.

As a matter of fact, blurred images often occur in vision eys, espe-
cially at reduced lightning condition and in indoor envinbents. The core
idea of our algorithm is to exploit the blur as a cue for estintathe camera
ego-motion. Thus, our motivations are similar to those i) [Svhere an al-
gorithmic gyroscope based on the analysis of a rotatioradliyred image is
presented (other recent works on rotational blur estimadie [7, 72]). The
estimation of camera ego-motion exploiting the blur isipatarly attractive in
case of camera translation: this motion in fact cannot beesthy accelerom-
eters, whereas other motions (such as the shake or theorjtatiuld also be
handled combining these sensors. Recently, two algorifiemeestoring ra-
dial blurred images have been proposed [10, 88]. Radialddaurs when the
camera translates toward a planar scene, which is assurradtépt the im-
age plane. The proposed algorithm can be also used for distinthe radial
blur center, given a single image.

3.1.1. Related Works

The estimation of the blur Point Spread Function (PSF),rassythe blur spa-
tially invariant, has been widely studied in the last desdd4, 52]. Recently,
Ferguset al. [25] proposed an algorithm for photographs corrupted by-cam
era shake, that rst estimates the PSF and then deblur thgeimiaevin [54]
deblurring algorithm is meant for images blurred by a PSHritavectilinear
support. It is based on a segmentation of the image into mediaving the
same the blur extent, assuming the PSF direction constatiteowhole im-
age. Jia [44] introduced the use of transparency maps fonatitg the PSF.
All these methods are meant for deblurring, however blunegion has been
addressed for other purposes such as the integration ofptiealo ow for
tracking system [49] , the measurement of vehicle [56] aridspaed [57] or
the measurement of planar scene distance [58].

Whereas the estimation of 3D camera translation directimm fa single im-
age has never been addressed before, other works congidpatially variant
blur have to be mentioned. Rekleitis [76] used the blur fenpating the opti-
cal ow from a single image. This algorithm estimates therlparameters on
an tessellation, without adaptively selecting the imaggores. Blur PSFs are
estimated in Fourier domain, thus the block sizes have t@bésantly larger
than the PSF extent. Finally, the camera ego-motion is rimhated. Another
algorithm that exploits spatially variant blur is [53], wiethe PSF parame-
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ters determines the depth map of a static scene. Keaph [50] modeled the
blur produced by an angular motion of the camera while N&tgl. proposed
a restoration algorithm [69] for astronomical images cpred by spatially
varying blur. Recently, it has been shown how to facilitdie PSF estimation
task [62, 85, 96] capturing a short-exposure image, pawed blurred one.
Other multiple images methods are [22, 37].

The rest of the chapter is organized as follows: in Secti@m& present the
blur model showing that¢ determines the blur direction at any pixel. Section
3.3.1illustrates the local blur direction estimation noetk and the procedure
adopted for selecting the image regions. The voting algorifor estimatinge
is described in Section 3.4, while the experiments are pteden Section 3.5.

3.2. Problem Formulation

Figure 3.1 illustrates the camera motion we are considekMigen the shutter
opens, the camera viewpoint is @, the origin of a 3D coordinate system.
We assume that the camera is translating with constant she#d) the whole
exposure interval . The pointF represents the nal position, that the camera
reaches as the shutter closes.

Our goal is to estimate, by only analyzing the resulting fddrimagez, the
3D direction of camera translatiddF . When the camera calibration matrix is
known, this is equivalent to estimating the coordinateshanitnage plane of
the epipoleg, i.e. the vanishing point dDF .

The proposed algorithm analyzes the blur "smearg'as these, in case of
camera translation, are pointing ¢o In what follows we describe the image
formation process, note thaimay not fall into the image boundaries.

3.2.1. Blurred Image Formation

Any imagez acquired during a camera motion can be represented as #ie int
gration of an in nite number of still imageg, each captured when the camera
viewpoint is in a different position in the space. Thus, wasider the follow-
ing image formation model:
Z 1
z(x)=  y(x)dt+ (x); x=(x1;x2) 2 X: 3.1
0

Here,x is a point on the 2D image grid  Z, X; andx; indicate the coordi-
nates ofX , y; : X I R represents the light intensity that reaches each pixel
at timet, and N (0; ) is Gaussian white noise. Figure 3.1 illustrates the
camera translation and the positions where some image® being captured.
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Figure 3.1.: Camera Displacement during the exposure. Whershutter
opens, the origirO of the 3D axis is in the camera viewpoint
with the z axis orthogonal to the image plane. When the shutter
closes, the camera viewpoint reaclis

Any two imaged ;, andl, form a stereo pair and therefore the correspon-
dences between these two images are related by the esseaitial [36]. Con-
siderl o andyr, the two images acquired at the initial and nal camera posjt
respectively: we de ne the epipokeas the image of in yg and, likewise, the
epipolee®as the image iyt of the line throughO andF .

When the camera translatesande® have the same coordinates in bgth
andyr, therefore they overlap in the blurred images illustrated in Figure
3.1. Thus we de ne the epipokein z. Moreover, all correspondences between
Yo andyr are pointing toe [36], thus the resulting image is blurred with
rectilinear smears. More speci cally, the PSFxat is a straight line segment
having direction ; and extent; where

tan( i) = (X2 €)=(X;1 €) beinge=(ey;e): (3.2)
The blur extentd; are in uenced by the position of the scene poijtthat
is imaged orx;. Except from some particular cases, e.g those considered in
Section 3.2.3 or in [10, 88], it is not possible to provide ikmdescription for
blur extents.
3.2.2. Image Blur

The blurring process can be also described as the action laf aferatork
on the original (i.e. still) image, say, in the following way

z(x)= K yo (X)+ (X); (3.3)
K describes the blur at each imagZe pixel and it is written as [4]

K yo (x) = . k(x; s)yo(s)ds (3.4)
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where the weight functiolk(x;; ) corresponds to the PSF at pixgl. For
purely translating camerals(x;; ) represents the smeanat

[ i=21;i=2] (

ko )= R, L

Xi); (3.5)
whereR | is the rotation of  degrees around the image axisand | | -, =]
is the characteristic function of the segméntl;=2 < x 1 <1;=2;x, =0g. In
what follows we refer to PSFs of this kind as rectilinear PSFs

Other blurring effects, such as the out of focus blur, lersdesrations and
camera shake, are not considered in this chapter. Themgtoassume that the
same scene, captured from the same camera when it is stadiepicted in a
sharp image.

3.2.3. Examples

When e goes to in nity and the captured scene is planar and parail¢he
image plane, all the PSFs have the same direction and extard:the blur
becomes spatially invariant, as shown in Figurea3.2

When the camera translates toward a planar scene, pregsd¢hgnimage
plane parallel to the scene, the PSF extent at any imageipidetermined by
its distance, on the image plane from the epipole [10, 88jhdliag byu =
jOFj=d the ratio between the scene deptland the length of displacement
jOFj, and byxje the distance between the pixgl ande, it follows that the
PSF extent; in (6.3) is

u
li = Xy (3.6)

An image synthetically blurred, with in the image center and extents given
by Equation (3.6), is shown in Figure &.4Figure 3.4 and Figure 3.d shows
the PSF direction and extent at each pixel. Figur® 3ffows a camera image
captured with the described settings.

Typically, only the PSFs directions are determinedepyvhile the extents
depend on the 3D position of the scene points, like in imagésgures 3.8
and 3.3l. In particular, in Figure 38e goes to in nity and the scene is non
planar: in this case the blur direction is constant and the dsttents are pro-
portional to the scene depth.

3.3. Proposed Solution
The coordinates o are determined by estimating the blur directions within

automatically selected image regions: for this purpose xpdoé two differ-
ent blur direction estimation methods. The rst method isamtefor regions
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Figure 3.2.: Example of blur produced by a translating camarthe blur is
spatially invariant as the scene is planar, parallel to enplgne

ande ! 1 , b the blur is spatially variant even if the scene is
planar as lies on the image plane.

containing an image corner, while the second method apfgiesgions con-
taining other blurred details. We also present a procedarddtermining the
method to be used in each region.
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Figure 3.3.: Example of blur produced by a translating camarthe blur is
spatially invariant even i€ ! 1  as the scene is not planar (but
blur directions are constant, the blur is spatially invariant and
the scene is not planar

3.3.1. Local Blur Parameters Estimation

In order to estimate;, the blur direction in an image regids, we treat the
blur operatoK as locally spatially invariant. We assume tBaf 2 X ,9U;
X, a neighbor ok;, and a PSk;, such that
z
K yo (X)t Vi(Xx  Z)yo(z)dt 8x 2 U;: (3.7)
X
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T

Figure 3.4.:a Synthetic image blurred according to Equation (3Blur di-
rections at any pixelg blur extents at any pixel

Furthermore we assunw is a rectilinear PSF, having direction and extent
li. Such approximation allows us to estimate blur parametérsnselected
regions with methods meant for spatially invariant blur.

Fourier domain methods, which are widely used for blur patans estima-
tion, do not perform properly on small image regions, as #esume periodic
signals. Thus we adopt space domain methods. Within regiontgining an
image corner, we estimate the PSF direction by analyzingdh®er edges [5].
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(a) The image model within a blurred cor- (b) A Synthetically blurred image
ner region. The displacement vecterep-  (Synth) and direction estimates
resents the blur PSF while represents the

difference between the corner and the back-

ground.

Figure 3.5.: Blur direction estimates at corners using tgerdhm presented
in [5].

Within regions where there are no blurred edges and the ilsagat at, the
blur direction is estimated analyzing thenorm of directional derivatives [93].

Blurred corners allow a clear interpretation of rectilin€&sSF parameters.
The method proposed in [5] estimates, in each corner regii@ncorner dis-
placement vector, which represents the blur direction and extent. This ntktho
analyzes the image gradient into the blurred edges areasstinthtes , the
intensity gap between the corner and the background. FR)6fa) illustrates
the image model at blurred corners.

Within other regions we use the method proposed in [94]: BE &irection

i, is estimated as the direction of the directional deriwatiter d having

minimum ! norm

i =arg 57[1(;[12] id ~ Ty s (3.8)

herel;y, is an image containing only pixels within regiéh andjjzjj-1 =

wox 1(2(x))j. In our experiments we use 7-tap directional derivativerst
devised in [21], convolved with a 3-tap derivative Iter onet orthogonal di-
rection. This latter Iter acts as a whitening on the imagatent as in [94]

In Section 2.2 we introduce an adaptive region selectiongmore for cor-
ner regions that also determines the blur estimation methbeé used in each
region.
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Figure 3.6.: Mean Harris measure as a function of blur extent

3.3.2. Salient Point Detection

Blurred corners are extracted from the local maxima of theisleneasure [35,
59, 65], according to the procedure described in Chapter @.aWéady pre-
sented the corner detection procedure based on the Haraisuneefor blurred
images. Let assume then thfatjgi = 1;:;;M are the pixels detected as
blurred corners.

We are going now to discuss the use of local maxima of Harriaswme
(salient point) for detecting regions where the blur diatican be correctly
estimated using Equation (6.5). Note that Equation (6.%@ga reliable es-
timate within regions where the original imageg has the same (non zerd)
norm response to any directional derivative lter. This Btample happens
whenyg is white noise.

As mentioned before, the local maxima of Harris measure eedspwhere
the image is presenting a signi cant variation along angclion. We assume
than that since these regions are blurred by a rectiline&; P8 resolution
along the blur direction decreases and the direction giweEduation (6.5)
corresponds to the blur direction. However, siggas unknown, we have to
extract the salient points from the blurred image

We run the following experiments to show that the salientpini the blurred
imagez belong to areas of the original image, where the Harris measure is
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Figure 3.7.: Mean number of salient point as a function of bkient

large. We consider a dataset of 12 common test images (gésiceihe range
[0; 1)) and two set of parameters=  f0; 10;::; 170, 180g for the PSF direc-
tions, and. = f1;2;::;29; 30g for the PSF extents. We synthetically blur each
test image with a convolution against each PSF generataddligossible pa-
rameter pairs (L), obtaining thugf;jgj =1,;::;12# L. We compute
the Harris measure on each blurred image and we extract ¢haé feaxima.
The Harris measure is thresholded against a xed value0:0005 as this is
a standard procedure for reducing low-relevance featuineshat follows we
always consider only pixels where the thresholded Harrigsuee is nonzero.
Figure 3.6 shows the mean Harris measure as a function ofuhexient: as
expected the blur reduces the details in the image and tews/drage value of
the Harris measure. Also the number of local maxima decseassdllustrated
in Figure 3.7 .

We already discussed in Section 2.1 about the localizatroor ef local
maxima of the Harris measure in blurred corners. Here we atr@iming to
accurately locate the salient pointyefby taking those ot. For our purpose it
we have to show that in a neighbor of each salient point in thedd image,
the original imageyy shows signi cant variations along all directions. This
is enough to show that it make sense estimating the blurt@irenear pixels
using Equation (6.5). We thus consider a squared neighbt0 gixels side
around each salient point in each blurred imageand we computen; as the
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Figure 3.8.: The mean Harris measure on the original imagepated over
the 10 pixel square size neighborhood of the salient poirién
blurred image, as a function of blur extent

average on these neighborhoods, of the Harris measure aottesponding
pixels in the original image. In order to compare valuesngfcomputed on
different images we dividen; with the average Harris measure on the whole
corresponding original image. Figure 3.8 shows the averagkies ofm; as

a function of the blur extent. The Harris measure on the tedeneighbor-
hood in the blurred image decreases as the blur extent seseaHowever,
even when heavy blur is considered, the salient points drenstreas where
the original image shows some signi cant variations (it il 4.6 times the
average Harris measure).

Thus we selectxjgi = M;:;;N as the local maxima of the Harris mea-
sure of the blurred image, avoiding those pixels which haenlbselected as
blurred corner according to the procedure of Chapter 2. Addhese pixels
we consider circular neighbors for estimating blur usingi&upn (6.5).

Note that in the presented experiment we generate blurragesmwith a
convolution against a PSF and thus the blur is spatiallyriasd However,
since the Harris measure is computed locally, and the bite isetreated as
locally spatially invariant, this does not reduce the \vigfief our experiment.
Moreover results have been averaged combining results ffitamed images
having the same blur extent but different directions. Thi®ivs from the fact
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that the Harris measure in its original formulation is ritasl invariant [35].

3.3.3. Drawbacks

Blur directions estimated using Equation (6.5) may be sshoin uenced
by the image content. For example, in edge regions the dstilrdirection
typically corresponds to the edge direction, regardledswfand the same for
regions where the original imagg presents features highly self-correlated
(e.g. striped textures). Other regions are non informafimeexample where
Yo is at, the blur does not produce any change. Therefore weice regions
containing a local maxima of Harris corner measure [35] Wigioints out that
the image signi cantly varies along two different diregim

3.4. Camera Displacement Estimation

The estimated blur directions are then used to determineflpolee. From
every estimates pair i;x;) i = 1;:;N it follows thate should lie on’;. |,

the line passing througk; and having blur direction;. We use the Hough
approach for estimating as the pixel which has been crossed by the largest
number of lines;. ,. The parameter space represents the set of all the possible
locations fore and it is a discrete grid larger that (possibly at a different
resolution) with a set of angles@; ). These angles describe the cadel

(asin Figure 3.2.).

For each estimate pafri;x;) i = 1;::;;N, the votes are assigned to the
parameters that agree with these data, i.e. the'line and then summed to
the votes coming from all the other estimate pairs. The gatigorithm allows
to take into account the uncertainty of each estimated tilreand, in case of
corners, also the uncertainty of corner location. Theeetbe line is replaced
by a weight function that assign a full vote to the exact sofuand a lower
vote to every parameters close to the exact solution. Thghw&inction ;.
is obtained rotating of; degrees and centering 3 the following function

h X5 2l

@+ ik 39

“(X1;X2) = exp
Herek expresses the localization error amdhe error in the direction esti-
mated.

In our experiments we usdd = for estimates coming from minimum
derivative energy and; = kg + for estimates at cornergg is a tuning
parameter that compensate the errors in estimating therctwoation. h is
related to direction estimation error and determines ttie spread from the
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(@) (b)

Figure 3.9.: Voting procedure using the estimated direstion Figure 3.5(a),
(a) Parameter space and corresponding votes distributadac
ing to (3.9), (b) Votes are represented on the green chaarigl,
marked with red a cross.

set of exact solutions (Figure 6.5). Another vote (also withaussian spread)
is then assigned to every line direction.

After having considered all the estimates, the point on trameter space
that obtained the maximum amount of votes is selected agipelee.

The voting algorithm adds robustness to the procedure astitins esti-
mated are inaccurate and there are typically outliers. $e o corners, even
direction correctly estimated may be far from pointingetbecause of occlu-
sion or shading: in fact, image regions representing scars pelonging to
different objects (occlusions) are not blurred accordimghie epipolar con-
straints while shadows may be also erroneously considerddiuared corner
edges (see Figure 3.12). Also the directions estimated using minimum of
directional derivatives could be outliers if in the consate region there are
edges or the original still image is highly correlated (segpuife 3.1223).

3.5. Experiments

Synthetic test images have been generated according td (3ot using the
ray tracer software Pov-Ray [41]. We generated seven 3asoscontaining
parallelepipeds placed at different depths and oriematié-or each scenario,
we rendered a sequence of 60 frames translating the canoeigithle camera
axis, so thae was in the image center. Each frame was rendered at a resoluti
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| Synth1]| Synth2| Synth3]| Synth4|
2.17 1.25 9.83 4.33
2.50 1.61 11.23 3.33
2.36 2.42 13.65 2.48
2.78 3.90 15.36 6.03

[n] 40 | 157 | 148 | 165 |
| | Synth5] Synth6| Synth7| House8| House9)

9.83 | 1540 | 3.06 8.74 8.21
11.23 | 1481 | 4.28 8.30 9.40
13.65 | 17.16 | 6.75 9.62 10.56
15.36 | 22.38 | 8.39 1159 | 11.29

[n] 311 ] 221 [ 10.7 | 745 | 857 |

A WDNPRP

A OWNBE

Table 3.1.: Table shows the distance in pixels, averaged Weealization
of , of estimated epipole from the image center. The last row
contains the average number of blur directional estimatespage

of 1024 x 768 pixels in grayscale (0-255) and the blurred inafpas been
then obtained averaging all the frames. These test imag&yathlin Figure
3.5(b) andSynth2-Synthh Figure 3.10.

Table 3.1 shows the distance in pixels betweemd the image center, av-
eraged over 10 different realization of noise for each valie . The last
row of Table 3.1 shows the average number of blur directidimases used.
In these test images, the blur directions have been estinuatly exploiting
corners as there are no details that can be used for estgrtagnblur using
minimum energy derivative method. The maximum length of geethask for
corner region selection is 25 pixels.

We test our algorithm on two test imagdsuse8andHouse%f Figure 3.10
rendered in the same way using two more complex and textgesthsos [40]
so that the resulting blurred images are suited for estirgatiur with both
formula (6.5) and with method for corners. The last two catsrof Table 3.1
shows the algorithm accuracy, averaged over ten diffeeaiitzation of . The
overall number of blur direction estimates is increased te.the previous case
as in several points blur has been estimated using (6.5uré-1§.11.8.a and
3.11.9.a show in yellow the directions estimated using @omethod while in
red the directions estimated using Equation (6.5). Bluemrist have not been
estimated and segment lengths are xed in the gures. Fidlifd.9b and
3.11.9b show the selected corner regions and 3.11.9c ah®8 the parameter
space with all the votes.
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Figure 3.10.: Synthetic Imag&ynth2-SynthandHouse8,House

The proposed algorithm has been tested also on camera itaskgeswith a
Canon EOS 400D 10Mpixel, see Figures 3.12 and 3.13. Imadegume 3.12
have been taken with the camera mounted on a wheeled depoedoace uni-
form motion, while images in Figure 3.13 are jpeg taken framdame camera
mounted on a serving cart (Figure 3.13.3.a), moved by hatittisanshort ex-
posure (Figure 3.13.4.a) or by bringing down the cameradripAlgorithm
results are presented by cyan lines joining the estimatgublege with image
borders. Blur direction estimates, votes in parameterespad corner regions
are illustrated like in Figure 3.11. Even if there is no grduruth, the cyan
lines show that image blur has been correctly interpreted.

3.5.1. Discussion

Tests run on synthetic and camera images showetisaéstimated accurately,
even in noisy images. Both blur direction estimation methbave been de-
signed to cope with Additive Gaussian White Noise (AWGN)eTresult of
Equation (6.5) is not in uenced by AWGN, while in [5] the meith for cor-
ner regions provided satisfying performance in presenc8VdGN. On the
other hand, the image content in uences more seriously thlese methods.
We already mentioned occlusions and shadings for methgeigimples of
occlusions and shadings appears in imaggsth4Synth7and reduce the al-
gorithm accuracy. Occlusions are also present in camergeg)an particular
in Figure 3.12.1.a where the scene presents several deptb.|dhe blur es-
timates from Equation (6.5) are easily affected by edgesliardas one can
clearly see from Figure 3.12.2.a the direction estimatquxa near the cabi-
net lines. In at regions the directions estimated by Equa{i6.5) is aslo not
reliable. In the considered cases however, the voting proeegives a reliable
estimate ok even in presence of such outliers as far as there are endiggi.in
The overall computation time depends on the number of regidrere blur
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Figure 3.11.: Result on Imagé®use8andHouse9

is estimated. This is the computationally heaviest pare ddrner region se-
lection procedure is based on local averages and compsyitioerefore its
computation cost is linear in the region size. Corner bltinegtion is also lin-

ear in the selected region sizes, [5]. Finally directioretivihtives of Equation
(6.5) are computed using separable Iters [21], and thu$ ea is a linear
combination of the response to four Iters. The minimizatif Equation (6.5)
can be sped up in a multiscale approach.

3.6. Conclusions

In a blurred image produced by a translating camera, theditection and
extent are varying through the image pixels according tcstieme depth and
the camera motion. In this Chapter we have described thepbbatuced by a
translating camera, and we have derived an algorithm famashg the van-
ishing point of camera displacement. In such a way the camgoamotion
direction can be estimated by analyzing the single blumeabe.

The algorithm relies on the estimation of blur direction mgge regions
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Figure 3.12.: Tests on Raw Data

which have been automatically detected and selected forowing the blur
estimators.

This algorithm can be used in order to improve robot visiostey based
on frame analysis. In fact these systems, e.g. [19], oftee ba@ cope with
blurred images because of reduced lightning conditionsndoér environ-
ments. Then, instead of discarding the blurred frames wihé&aot possible
to match map features, the system can exploit the imagednitiné estimation
of the global displacement direction and the local blumeates to replace of
feature matches.

Moreover we believe that this algorithm can be used for estirg the blur
from a single image and therefore can improve deblurringhous that con-
sider also spatially varying blur, such as that one present{89].

Finally, we only considered translational camera motionhés particular
case do not require estimates of the blur extent. Wheneeee #re enough
blur direction and extent estimates a more general rigidecamrmotion can be
considered, enforcing other rigidity constraints.
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Figure 3.13.: Tests on Jpeg Camera Images
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4. Deblurring Noisy
Radial-Blurred Images

In the previous chapter we devised an algorithm for estimgatine vanishing
point of camera translation directioa, In this chapter, we address the issue
of restoring images corrupted by radial blur, i.e. blur duedamera translation
not parallel to image plane. More precisely, we assume kimatapture scene
is planar and parallel to the image plane, as in this caseltind’SF admit an
easy parametric description. In Appendix 7 we show how thmesiclered blur
model derives from the uniform motion of a pin-hole camera.

The deblurring of images corrupted by radial blur is studigtiis type of
blur appears in images acquired during any camera tramslaaving a sub-
stantial component orthogonal to the image plane. The ppirdad functions
(PSF) describing this blur are spatially varying. Howetlgis blurring process
does not mix together pixels lying on different radial lines. lines stemming
from a unique point in the image, the so called “blur centerhus, in suit-
able polar coordinates, the blurring process is essgntdltD linear operator,
described by the multiplication with the blurring matrix.

We consider images corrupted simultaneously by radialdoharnoise. The
proposed deblurring algorithm is based on two separatesfofimegularization
of the blur inverse. First, in the polar domain, we invert th&ring matrix us-
ing the Tikhonov regularization. We then derive a particumeodeling of the
noise spectrum after both the regularized inversion andoifveard and back-
ward coordinate transformations. Thanks to this model, weeeassfully use
a denoising algorithm in the Cartesian domain. We use a ineas spatially
adaptive lter, the Pointwise Shape-Adaptive DCT, in ortieexploit the im-
age structures and attenuate noise and artifacts.

Experimental results demonstrate that the proposed #igorcan effec-
tively restore radial blurred images corrupted by additiwete Gaussian noise.

The materials presented in this chapter have been publisledonference
paper [10].
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Figure 4.1.: Camera translation vectoand its components, andup.

4.1. Introduction

In this chapter we consider the restoration of images ctedupy blur pro-
duced by a camera that translates in the 3D space with constlacity dur-
ing the acquisition. This situation can be formalized aks. Letu be the
3D vector that identi es the camera translation during tlkposure timerT .
This translation can be decomposed in two componemsand ug, which
are orthogonal and parallel to the image plane respectiaslghown in Fig-
ure 4.1. Typically, image restoration algorithms asswse= 0, considering
the camera translating parallel to the image plane. Thignaggon leads to
the spatially invariant blur degradation model (see [24,98 and references
therein).

In this chapter we focus on the generic case wirerng 0. The presence
of a signi cant componenti, makes the blur spatially variant and the image
restoration becomes a much more challenging problem. FRuplisity, the
captured scene is assumed planar and parallel to the imaige, phus neglect-
ing complications due to the scene depth.

Let us consider the blurred imageas integration ofub-imagey:,

Zt
z(x)=  yi(x)dt;  x =(X1;X2) 2X; (4.1)
0

wherex represents a coordinate in the image dom&inT is the exposure
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Figure 4.2.: The blur center and the radial lines. The segmentxaincludes
samples of the original imagethat contribute to the blurred ob-
servationz(x) atx.

time andy; is a sub-image, i.e. a sharp image produced by the lightsitten
that reaches the sensor at the instadt[0; T]. Each sub-imagg; is acquired
with a different viewpoint along the camera trajectory.

In the trivial case when, = 0, all sub-images are shifted w.r.t. each other,
i.e. yi(X) = yo(x t), 2 R2 Because the shift is the same for each
point x, the blurred image can be modeled as the convolution of tiginat
image with a kernel, the point spread function (PSF), whiat & 1D support
and which is typically parametrized by its direction andeixsent.

When the camera translation is not parallel to the imageeplae. u, 6
0, the integration support corresponding to each point sariehe relations
between any of two sub-images are described by the essemiaix [36],
which acts differently on each image point. Nevertheles#his case, the blur
can be described by the blur centeand the blur extent parameter Such
images are termechdial blurred imagesecause the blur smears are directed
along radial lines, i.e. lines stemming from the blur cerdsrshown in Figure
4.2. As we move away from the blur center, which itself is nloiried, the
length of the smears grows with rate equal to the extenit particular, the
smear at a poink such thatix ¢ = 1 has lengthl, wherejx ¢ is the
distance between pixaland the blur centee.

There are only few publications about the restoration ofgesacorrupted
by the radial blur. Webster and Reeves [88] addressed thidgm and pro-
posed a fast restoration algorithm based on resamplingltineetd image on
a lattice where the blur becomes spatially invariant, sé #my deconvolu-
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tion technique (e.g., in Fourier domain) can be used. Howaveheir work,
the image noise was not considered explicitly. In pringigley method for
restoring images corrupted by spatially variant blur [68JIid be used for ra-
dial blur. However, these methods result in heavy compnaticosts, while
the restoration of radial blurred images becomes simpter performing ad-
equate image transformations. In fact, when the imagensfoamed in polar
coordinates w.r.t. to the blur centerthe blurring process having extdntan
be modeled by the multiplication against an upper triangulatrix B, .

The proposed restoration algorithm exploits Cartesiapeiar and polar-
to-Cartesian coordinate transformations which enablenrapctationally af-
fordable blur inversion. Because a naive pseudo-inverseacglify the noise
and artifacts, we exploit two separate forms of regulaiorain both polar
and Cartesian domains. In the polar domain, we invert theixnB{ using a
Tikhonov regularized inverse. Then, we perform denoisimifpé Cartesian do-
main using a non-linear spatially adaptive Iter, the Poiige Shape-Adaptive
DCT [30, 28, 29], in order to exploit the image structures attédnuate both
noise and artifacts. For this Iltering we derive approxiematodels of the noise
spectrum for the forward and backward coordinate transdtions, in order to
drive the denoising in Cartesian image domain.

The rest of the chapter is organized as follows. Section #e@emts a model
for images corrupted by radial blur, Section 4.3 descrilbeskiur inversion
stage in the ideal, noiseless case. The noise is introduaktandled in Sec-
tion 4.4, where the noise characteristics after the bluersion are estimated
in order to be applied in the denoising algorithm. FinaliySection 4.5 we
validate the proposed algorithm by experimental results.

4.2. Image Formation

Typically, a spatially variant blurred imageis modeled by the following in-
tegral 7

z(x) = k(x;s)y(s)ds; x=(X1;x2) 2X (4.2)
X

wherey is the original image and the PEFx; ) determines how the intensity
values of the original imagg contribute inz(x).

In the case of the radial blur, the PSF in each image pixeldetermined by
its position w.r.t. the blur center= ( e1; &) and by the extent parameleiThe
blur centereis the pixel that corresponds to the image of the vanishirmgt jpd
camera translation direction, and thus itis the only pixeioh is not blurred in
the radial blurred image. The blur extent parameéter0 determines how the
blur extent increases along each radial line, i.e. the biterg at a pixek is
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I jx ¢. The parametdrdepends on the length of the camera displacement and
on the distance between the camera viewpoint and the plaeae §measured
along the camera translation direction).

Figure 4.4(a) shows an example of a radial blurred imageblres visibly
characterized by smears along the radial lines. The raltiaithg process does
not mix together pixels lying on different radial lines ari$ the radial blur
can be compactly formulated in the polar coordinates.

LetP andCbe two continuous domain transforms that perform respalgtiv
Cartesian-to-polar and polar-to-Cartesian image mapping the blur center
e

Z(; )=P(@)(; )= z(e1+ cos;ep+ sin); (4.3)

and
P &
Z(X1;X2) = C(Z)(x1;%x2) = Z (X1 e)2+(x2 e)?;arctan vo—
(4.4)

Here and in what follows, capital letters indicate imaggzregsed in the polar
coordinates, while small case letters indicate images iteSian coordinates.
Then, the radial blur can be written as
z 1
Z(; )= ST w1 (DY (r; )dr; (4.5)
where [a:b] is the characteristic function of the interjat b,

1 a r b

0 else (4.6)

[ay(r) =

In practice we have to deal with discrete data, therefore seealso two dis-
crete domain coordinate transformatioRsandC, which perform the Cartesian-
to-polar and the polar-to-Cartesian mapping, respegtivEhese transforma-
tions can be obtained by discretization of the continuousratprs of Equa-
tions (4.3) and (4.4). The transfory maps the inputv  h image into an
r output matrix. To obtain such an output with a rectangulandio in
polar coordinates, the transform implicitly pads the inipuége (e.g., by zero-
padding). Without loss of generality and for practical mes we assume that
the blur centee is at the image center, as this situation can be reproduced by
padding and shifting the image adequately.

The radial blurred image in the polar coordinaie€an be expressed as a
matrix multiplication

Z=BY; 4.7)
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Figure 4.3.: The blurring matriB, is an upper triangular r matrix. The
upper part presents only a narrow band above the diagonakwhe
it is not null. The rows are de ned in formula (4.11) and theno
zero are shaded.

whereY = P(y) andB, is an upper triangular matrix, that depends on the
blur extent parametdr The noise-free observations are given by

z=C(B)Y): (4.8)

We emphasize that the above equations are discrete ap@tioirs of the con-
tinuous domain equations (4.3) - (4.5). Note also that BotmdC exploit data
interpolation in order to compute image values correspandlo non-integer
coordinates, hence it may happen that

C(P(2)) 6 z and P (C(Z)) 6 Z: (4.9)

4.2.1. The Blurring Matrix

The matrix multiplication between the image in polar copadesY and the
blurring matrixB, corresponds to a discretization of the operator of Equation
(4.5), which models the radial blurring process of exiertiote that in polar
coordinates each column #f containsr pixels lying on the same radial line,
thusB, isar r matrix 5 3

P1
P2
B, = ; : (4.10)
pr 1
Pr
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.....

< 1=(il +1) i J bi+ilc
p=_ (I bilc)=(il +1) j=hi+il +1c; (4.11)
-0 else

andb cdenotes the rounding to the nearest smaller or equal integer

As shown in Figure 4.3B, is an upper triangular matrix and each rpy
corresponds to an horizontal blur PSF, which, providedtt@PSF support is
totally included within the matrix, has exteiht+ 1. These PSFs are exactly
the sub-pixel discretization of the functionof integral (4.5). Note that the
last rows ofB; have 1-norm smaller thari, because the supports of the cor-
responding PSFs lie partially outside of the image domairpréactice, this is
equivalent to zero-padding the image and producing thevkilhr unrestricted
PSFs (hence having their norm equalljo It results in synthetically blurred
images having borders fading to zero, as shown in Figure}.4(

4.3. Blur Inversion

The blur inversion consist of estimating the original imggiEom z, assum-
ing that the parameteresand| are known. The observation model presented
in Section 4.2 relies on two image transformations, themestormations are
used also for blur inversion. In polar coordinates the bdua imultiplication
against the blurring matriB, (4.7). Therefore, a straightforward solution to
blur inversion consists of transforming the observatidan polar coordinates
w.rt. e i.e. Z = P(z) and by multiplying it against the inverse of blurring
matrix, B, *.

Even if matrixB, is de nite positive, and thus invertible, the inversion bét
blur inevitably ampli es errors due imprecision in the méidg. Therefore we
replace the naive inverds, 1 with the regularized Tikhonov inverse matrix
B,

B =(B/B/+ 2) 'B; (4.12)

where > 0 is a regularization parameter. The regularized inversehef t
blurred observation is then
N=c BP(2) : (4.13)

Figure 4.4 shows the blur inversion for the blurred imagaated in Figure
4.4(a). In Figure 4.4(b) and Figure 4.4(c) we can see thesevby multipli-
cation with the matrixB, ! and with the matrix8;, respectively. Both images
show artifacts along some rows and columns, but these @stitae stronger
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(a) Radial blurred image: the (b) Blur inversion with
blur centere is at the image naive inverseB, ', RMSE
center and = 0:25. =11:84.

(c) Regularized inversg®
via Tikhonov regularization
of B (4.12), RMSE= 11:41.

Figure 4.4.: Blur inversion with naive inverse and Tikhon@gularized in-
verse.

in Figure 4.4(b) than in Figure 4.4(c). These artifacts are @ the rounding
errors in the coordinate transformatioRsandC. The root mean square error
(RMSE) of the image restored with the naive inversiod 184, while in the
case of Tikhonov regularization (= 0:005 the RMSE isl1:41. The regular-
ized inverse is able to reduce these artifacts and it is arfoi dealing with
image noise.

4.4. Noise and noise attenuation

For simplicity, we model the observation errors as an adglitrhite Gaussian
noise (AWGN) term in the Cartesian domain. The observatourgon is as
follows

z=C(B|Y)+ ; (4.14)
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(a) Radial blurred noisy im- (b) The regularized inverse
age: the blur centee cor- zR' presents heavy noise,
responds to the image center,RMSE=19:94.

| =0:25 and = 0:004

255. Noise is hardly percepti-

bleinz.

(c) Final restored image, ob-
tained after Pointwise SA-
DCT ltering of the regu-
larized inversez®' shown
in Figure 4.5(b): RMSE
12:81.

Figure 4.5.: Algorithm performance on a radial blurred imagvith noise.

where () N (0; 2).

Figure 4.5 illustrates the blur inversion on a noisy imagée Tsaussian
noise has been added to the blurred image according to Bguétil4), with a
standard deviation = 0:004 255 which is a very low noise and almost not
perceptible in Figure 4.5(a). However, as one can cleasyirs&igure 4.5(b),
in the regularized inverse®' the noise has been signi cantly ampli ed and
the restoration performance decreased (RM3€84).

Note that the noise characteristics change signi canttgrahe coordinate
transformations and the multiplication against the ineesbthe blurring ma-
trix. Even when the noise iaR' is Gaussian distributed, which happens if
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P and C exploit linear interpolation, the noise may not be indepsrdhor
identically distributed.

4.4.1. Image Restoration Algorithm

Our image restoration algorithm is based on a two step apprtike many
state-of-the-art deconvolution algorithms [29, 33, 70, 4te rst step is the
blur inversion. In the cited works, this consists of regked deconvolution
in Fourier domain. The noise in the deconvolved image is €anscolored
noise and it is characterized by its power spectral denBi8LY), which (up to
a 2 scaling factor) is determined by the PSF. The second stéyigetnoval
of the colored noise. This is performed by conventionalrilig techniques,
such as transform-domain shrinkage [29, 33, 70]. In tha aiterks the noise
PSD is used for computing threshold for the shrinkage.

In our case, the blur inversion consists of multiplying theage in polar
domain against the matr,. Because of the coordinate transformations and
because the blur is not convolutional, the noisgfh cannot simply described
by a PSD. However, we treat the noisezifl as colored Gaussian and we use
an approximate model for the noise PSD. The denoising isleeiormed by
the Pointwise Shape-Adaptive DCT (SA-DCT) ltering algwin [28, 29, 30].
This algorithm had been used earlier for Gaussian colorégememoval in
deblurring [29] and inverse halftoning applications [17].

4.4.2. Noise PSD Modeling

Calculating the noise statistics #¥' is a demanding task @& and C trans-
form differently the image pixels, according to their ldoat on the image
plane. Moreover, any analytical result would depend onntexpolation meth-
ods used irP andC. In what follows, we consider the transforms sequence

c Bp () (i.e. Cartesian-to-polar, blur inversion, and polar-tagt€sian) as

an input-output system and we study the noise statisticsNdgree Carlo ap-
proach. That is, we generateindependent realizations of standard Gaussian
white noise ;, ;() N (0;1); i =1;:::;n, and, assuming at the image
center, we process each of them with the input-output syﬁer&P () .
More precisely, let; be the system input,

O=CBP(y) ; i=1;:m (4.15)

be the system output. In what follows, we restrict ourseteesperators® and
Cwhich are linear.
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Figure 4.6.: The noise PSIN.25. Its values have been computed using Equa-
tions (4.15) and (4.16).

The noise PSIN, is computed as the sample variance of the Fourier trans-
forms of then realizations of 0 ; i = 1;:::;

Ni(t)=var F(2)() ;! 2 ; (4.16)

whereF denotes the 2D Fourier transform andepresents the frequencies in
the Fourier domain . We remark thalN, is computed fromn realizations of
noise with unitary variance. Whenever the actual noise haance 261,
the noise PSD needs to be scaled accordingly and becofigs Note also
that the computed PSD depends on the blur extent

By taking into account the PSD for the denoising, we imgijciteat the
noise inzR!' as Gaussian colored noise. This may not necessarily hold, ho
ever this approximate noise description facilitates thdieation of the image
denoising algorithm. In practice, this pragmatic approgieffids satisfactory
results from experimental evidence.

Figure 4.6 presents the noise P8Ig.,5, obtained by invertingh = 3000
noise realizations with radial blur of exteht= 0:25. One can see that de-
spite obvious symmetries within the PSD, the middle hottaldvertical cross-
sections are considerably different from the two diagomaso These cross-
sections, which we denotg (horizonal/vertical) and, (diagonals) are shown
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Figure 4.7.: The functioi$.25 (in red), approximatingN .25 of Figure 4.6 (in
yellow).

in Figure 4.9.

Since the noise PSD varies depending ,ome repeat the Monte Carlo pro-
cedure considering several different values of the bluerxparameter. Fur-
thermore, for practical purposes, we replace the samy|edith an approxi-
mated functiorS, generated by convex interpolation of the horizontal/ceatti
and diagonal cross-sectiomsandd, of N. In our simulations the blur extents
arel = 1=120:::;110=120 Figure 4.10 illustrates the cross-sectionsnd
dy when varying the blur extemt

Finally S;, the function approximating),, is de ned as

Si()=cos?(2 )S'(!)+sin?2 )Si(); ! 2 ; (4.17)

where = arctan( i—i) is the angular component of the frequericyand S
andS¢ are surfaces of revolution generated rotating around tiginov, and
d;, respectively. Figures 4.8(a) and 4.8(b) show the surf&ggs and 88:25,
respectively, while Figure 4.8(c) show8s.,5 computed according to Equation
(4.17). The quality of the approximation &h.o5 to No.o5 is illustrated in
Figure 4.7.

Figure 4.5(c) illustrates the image restoration perforoeaof proposed ap-
proach whersy.»5 is used as the noise PSD for the Pointwise SA-DCT denois-
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(b) SurfaceS »s.

s

= /
ot . o

300 \

200+

S
—

(c) SurfaceSp:25.

Figure 4.8.: Top: examples of surfaces of revolut8)nandS¢ generated from
the cross-sectiong, andd,. Bottom: S;, approximation of the
noise PSIN|, obtained as the convex combinationS)f and S¢
de ned by Equation (4.17).

ing. The RMSE of the restored imageli&81.

4.5. Experiments

We present simulation results obtained for a set of four comgrayscale test
images of size 256256. As in Equation (4.14), the blurred noisy observation
are generated from the original imagas

z=C(B/P(y)+ : (4.18)

We use discrete transfornis and C based on bilinear interpolation. Let us
remark that both these transforms introduce errors in tlsemhtionz, seri-
ously impairing the restoration quality even in the noisefcase. The size of
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(@) The valuesvg.2s corresponding to the (b) The valuesdo.2s corresponding to the
PSD values on the vertical axis of PSD values on the diagonal of

Figure 4.9.: Examples of andd, generating the surfac&’ andSld.

the polar domain is determined as in the work by Ribatial.[77] on images
blurred because of camera rotation. In particular, werusenax yox (jX  €)
and = 2= arcsin 2=r ,whered eis the rounding to the nearest larger
or equal integer. We limited our tests to blur having the ldentere at the
image center: wheneveiis in a different location on the image plane, in order
to apply the restoration algorithm, the image has to be auugly padded and

shifted.

According to a common practice when testing deblurring rtigms, we
add noise with a small variance to images where the blur exddarge and
noise with a higher variance to images where the blur ex¢estiall. Thus, we
mimic the situation where images are acquired with diffeeposure times
during the same camera motion. When the camera undergoesddransla-
tion, images acquired with a long exposure are typicallywitealurred, while
the noise affecting these images is small. On the contrargges acquired
with a short exposure, show weaker blur and stronger noigble™.1 shows
the pairs blur extent/noise standard deviation used foeigeimg the blurred
noisy observations. For all these cases, the Tikhonovaegation parameter,

(4.12),is xedto =0:005

Table 4.2 shows the RMSE of the restored images w.r.t. thignatiimage.
The performance of the noise attenuation are illustratédgare 9, while Fig-
ures 4.12 and 4.13 shows some of the images, before andedteration. As
one may expect, the algorithm performance decreases vetimt¢hease either
of the blur extent or of the noise standard deviation. The latter appears te hav
a more substantial impact on the quality of the restored @ndgy particular,
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(a) The noise PSD values at frequencies on (b) The noise PSD values at frequencies on
the vertical axis of when varying the pa- the diagonals of when varying the param-
rameted = 1=120;:::;110=120. eterl =1=120;:::;110=120.

Figure 4.10.: PSD values used for computin@, with | =
1=120G:::;110=120.

the RMSE corresponding to Exp.6, which is the noise-freeegrpent, is al-
ways signi cantly lower than the RMSE in Exp.5, where the ebstions are
generated with the same blur but with= 0:002 255 Finally, let us observe
that the restored images of Figures 4.12 and 4.13 show sdifaetralong the
radial lines; these are not due to noise but rather to intatipa errors intro-
duced by the coordinate transformatidgh@ndC. indeed such artifacts appear
also in the noise-free experiments.

Table 4.3 gives the execution times of each separate stape afgorithm,
applied on a256 256 image (Cameraman). The times correspond to our Mat-
lab implementation running on a computer with AMD 64 1.81 £3#ocessor.
As one can see from the Table 4.3, the impact of coordinatesfsamations
on the overall execution time is of negligible, as nearhtlad time is actually
taken by the Pointwise SA-DCT denoising step.

4.6. Conclusions

In this chapter we presented a novel restoration algoritbmnbisy radial
blurred images. The restoration algorithm includes twormsaeps: the blur
inversion in the polar domain, and the noise removal in thegSgn domain.
The denoising part consists of an adaptation of a spatidtiyptive transform-
based denoising method, namely the Pointwise SA-DCT I8, [29].
Experimental results with synthetically generated oletgous show that
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| Experiment| 601 | =255 |
Exp.1 5 0.006
Exp.2 10 | 0.004
Exp.3 15 | 0.004
Exp.4 20 | 0.002
Exp.5 25 | 0.002
Exp6 | 25| O

Table 4.1.: Experimental settings: blur extent and noiaedsdrd deviation val-
ues used for testing the proposed algorithm. The third rovegid)
shows the parameters used in the examples of Figures 4.4%&nd 4

\ | Exp.1| Exp.2| Exp.3| Exp.4| Exp.5| Exp.6 ]
Cameraman 11.27| 11.98| 12.82 | 12.24| 12.52| 12.33
House 6.93 | 693 | 7.33 | 6,50 | 6.63 | 6.94
Aerial 11.13| 11.43| 12.34| 10.69| 11.09| 9.43
Peppers | 879 | 881 | 9.35 | 846 | 8.63 | 842

Table 4.2.: Root mean squared error (RMSE) of each restorade in the ex-
perimental settings of Table 4.1. Examples of the restmagual-
ity are shown in Figures 4.12 and 4.13.

the denoising step improves signi cantly the restoratiemfprmance. At the
same time, it emerges the need of an accurate model of neigtiss after
both blur inversion and coordinate transformations. Inftiiare we will in-
vestigate algorithms for estimatimgandl from a given blurred image, in order
to combine the estimation and the restoration procedugggtier into a blind
deblurring algorithm.
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| Algorithm part | time (sec)]
Cartesian-to-polar  0.28

Blur inversion 0.07
Polar-to-Cartesian  0.12
SA-DCT ltering 491

Table 4.3.: Execution times for a 256 256 test image on a AMD 64 1.81-
GHz.
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Figure 4.11.: Experiment 1. noise attenuation. The rstuooh shows the
observations, the second column the corresponding regediar
inverseszR' , and the third column shows the restored images.
Restoration performance are listed in Table 4.2.
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Figure 4.12.: Blurred and noisy images ( rst and third coh)nand restored
images (second and forth column) obtained with the proposed
method. See Table 4.1 for parameters used in the experiments
and Table 4.2 for restoration performance in terms of RSME.
Row 1: “Cameraman” experiments 2 and 6. Row 2: “ House ”
experiments 2 and 3. Row 3: “House” experiments 4 and 5.

97



Figure 4.13.: Blurred and noisy images ( rst and third colnand restored

98

images (second and forth column) obtained with the proposed
method. See Table 4.1 for parameters used in the experiments
and Table 4.2 for restoration performance in terms of RSME.
Row 4: “Peppers” experiments 3 and 4. Row 5: “Peppers” ex-
periments 5 and 6. Row 6: “Aerial” experiments 2 and 3. Row 7:
“Aerial” experiments 4 and 5.



5. Structure From Motion Blur

This chapter discusses the capabilities of estimating thes&ne structure
from a single motion blurred image. We present an algoritbmektimating
the scene depth from a single radial blurred image, that doegoire any user
interaction. While we are not able to cope with more geneaad@ra motions,
we focus on radial blur and we discuss the shortcomings anddtantages of
estimating scene depth from motion blur.

We also brie y describe some methods that combines priortherimage
content with motion blur analysis, in order to cope with mooenplicated 3D
motion.

5.1. Structure From Motion Blur

Several techniques in literature have been proposed faratsig the 3D scene
structure by exploiting blur. In some cases, the image torlwe directly re-
lated to the scene depth and therefore, when properly asdlytze blur allows
to infer the 3D scene.

There are several methods in literature concerning théaegpimation from
out of focus blur: the image focus depends on the scene degtkhas local
estimates of focus blur can be used to infer the scene degteseTmethods
are known ashape from defocuandshape from focusShape from defocus
methods infer the scene depth given a set of defocused intghs same
scene. In shape from focus methods the camera focus is Igctivanged
in order to estimate the scene depth. In turn, shape fromcdsfmethods
are further classi ed in active and passive methods acogrdb the use of
structured light or not. See [23] for an exhaustive reviewdepth estimation
methods from image blur. Recently, a shape from defocus odeftom a
single image acquired with a coded aperture camera has beposed [53].
This method performs also the restoration of out of focusgesawhere blur
varies according to the scene depth. Typically depth frofoales methods
exploit multiple images.

Motion blur is determined both by the 3D camera motion andsttene
structure, therefore can be also used for 3D reconstruciomotion blurred



image is obtained by the integration of sevesab-imagesy;, each one cap-
tured by the camera having the viewpoint in a different pasjtsee Equation

(3.2), Z,
z(x) = . ye(X)dt + (X); X =(X1;X2); (5.1)

where the sub-imageg andyy form a pair of views, corresponding to the
time instants where the camera shutter opens and clospsctiegly.

Let us assume that the camera intrinsic parameters are knehile the
extrinsic parameters are not, and discuss the issue ofs&aoting the scene
from a single motion blurred image. If we are able to estintléetrajectories
followed by some pixel on the image plane during the expgsand if we can
associate to these trajectories matching betwgeandyy, we can reproduce
a stereo vision system from a single motion blurred image.

Let ; be the trajectory associated with the PSFk;at Examples of these
trajectories are the corner displacement vectors present€hapter 1. The
basic idea is to estimate the pa{rq0); (T)), formed by the extremities of

i, and to associate them the correspondences one would diytdenature
matching between the sub-imaggsandyy. These allow us to reconstruct
the 3D camera motion and the scene depth via standard epipetenetry
techniques [36].

The following problems are encountered when trying to extsgereo vision
from a single blurred image:

Trajectories are not straight lines.  While the correspondences determined
from two focused views are oriented segments (i.e. vectmtical ow
descriptors), the blur trajectories may not be straightreegs. The es-
timation of trajectories which are far from being straightk could not
be trivial. Even assuming a short exposure time and fast mmetion
may not guarantee rectilinear trajectories. In fact, blodpced by cam-
era rotation shows smears which are arcs of conic sectisrdgstribed
in Chapter 6, which makes the estimation of correspondeaits more
dif cult.

Correspondence Pairs Orientation.  Once a blur trajectory has been
correctly estimated, it is not possible to determine whicle of the
end points (0) and (T), belongs toyg and which one belongs tgr.
In fact, there is no way to estimate from the resulting bldrimage
which is the orientation of the underlying motion, as alyediscussed
in Section 1.8. Unluckily, 3D reconstruction techniqguesdzhon fea-
ture matching in image pairs require the orientations ofdbermined
correspondences, which are always known (up to a swap diealbiti-
entations) as features of each pair are taken from a différeayge.
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Figure 5.1.: Texture in gurea andb show high self-similarity thus matching
feature between andb may be complicated. The correspondence
problem does not hold in when analyzing blurred smears

A solution could be taking into account the two orientatidos each
correspondence and, enforcing additional constraints) as those de-
riving from rigidity of camera motion, use the Ransac altjoni [27] to
determine the correct orientations.

Although these shortcomings, estimating the correspaselpairs from blur
presents some advantages w.r.t. to feature matching bagmitran. Let us
consider for example two frames of a moving object contaimepetitive tex-
tures, as presented in Figure 5.1. In this case, becausgloshlif-similarity
of the image content, it is dif cult to correctly estimate tolaes between the
two frames, when no further assumptions can be made on tlehesatFrom a
picture, captured with a longer camera exposure of the saownmscene, it
could be easier to estimate the correspondence pairs byzanrgablur in image
patches, although the orientation ambiguity still holdgughly speaking, in
some cases the estimation of correspondence pairs fromrradbimmage does
not present the matching problem at the cost of losing in&tion about pairs
orientation.

Typically, there are few reliable correspondence pairsnedges that can be
obtained from a blurred image. Their number typically dases when the blur
smears are not straight line segments. The 3D reconstnufrbon a single
image can be then addressed assuming that there are sdueradl images
(possibly in a sequence), and enforcing some prior on theesoe on the
original image, or possibly assuming that a noisy image efdlime scene is
also available. These approaches however have not beestigated in this
thesis work.

We focus on depth reconstruction from a single blurred imege$ we en-
force some constraints on the camera motion. We restria@di@lty blurred
images, i.e. images acquired from a purely translating canas discussed in
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Chapter 3. Depth estimation from radially blurred imagesinspler than mo-
tion blurred images, as the correspondence pairs orientatin be neglected,;
moreover the blur smears are straight lines.

A motion blurred image acquired during a pure rotation wite tamera
viewpoint lying on the rotation axis, does not allow to infae scene depth
as the camera viewpoint does not move, and thus multiple réeanstruction
can no be done (see Chapter 6).

5.2. Depth Estimation From A Radial Blurred
Image

Let assume the camera is purely translating, as illustiatéegure 3.1. In this
case the local blur estimates can be associated to the pongences between
imagesyp andyt. In fact, from the constraints on the camera motion ( [36]
and Chapter 3), it follows that the matchings betwggmndyr are directed
and oriented toward the epipole. Thus, also the local bhimases orientation
can be inferred and the blur estimates are equivalent toetaieiie matches.
Moreover, the blur estimates obtained using one of the ndstipoesented in
Chapter 3 are reliable as the smears are straight line segmen

Figure 5.2(a) shows a synthetic image produced with a eetrsoftware
Pov-Ray [41] by averaging frames rendered from a trangjatamera. These
images have been rendered according to the procedure lmbsdn Section
3.5.

(a) A Synthetic Radially blurred imib) Epipole estimation using blur anal-
age, used for estimating depth.. ysis at corners

The algorithm outline can be represented in three steps

Epipole Estimation. This is performed exploiting the algorithm presented

102



in Chapter 3 or the epipole location on the image plane casilplgshe
assumed known in speci ¢ applications.

Correspondence Pairs Estimation.  Once the epipole has been estimated
(for example by exploiting corner regions), the blur directis deter-
mined at any image pixel. Then, also blurred edge areas carsdu
for determining correspondence p&irg0); (T)). We randomly select
pixels belonging to the masks described in Section 2.1, and estimate
the blur extents within a region elongated along the blueddion of
these pixels estimated using Equation (1.8), as only onanpeter is
unknown. Other techniques can be used such as autocamelssed
like in [93] or techniques based on analysis of pro les aldigr di-
rections [8]. Note that the estimated correspondence pairsndeed
vectors, as their orientation, up to a global swap, is ddtexthby the
epipole. Figure 5.2 shows these vectors. Each green pgirdsents the
position of a pixel in the sub-imagg), whereas the corresponding blue
point identi es its position inyr.

Figure 5.2.: Estimated correspondence pairs from Fig2éap. Green and
Blue points indicate the correspondence.

Depth Reconstruction By assuming a still camera and a translating object,
the 3D scene can be reconstructed with a triangulation [Bigjure 5.3
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Figure 5.3.: Estimated Depth from Figure 5.2(&).is the camera viewpoint
and the image plane. Error wd&s$othe ground truth.

represents the depth estimates. Two planes are tted battweeclouds
of points, each one represents the initial and nal positbthe square
plane in the scene. Assuming a static camera, the initial maldoo-
sitions of the scene plane can be reconstructed. Figurehbwssthe
depth map estimated from Figure 5.2.

Depth estimates are far from being accurate as the meanusdosastor of
the point clouds i8% of the true depth for the initial position ar® of the
true depth for the nal position. This is mostly due to thetfdwat there is no a
signi cant change in subimageg andyr as the perspective is the same. Note
that the same procedure works also wieehl , as the depth in uences at
the same way the blur extents, while leaving blur directionstant.

5.3. Sphere Full 3D Motion Reconstruction From
a Single Blurred Image

Whenever the scene content is known (even partially), ibssile to design
custom algorithms in order to estimate the scene depth oiomotin this
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Figure 5.4.: Estimated Depth from Figure 5.2(a). Assumistatic camera the
initial and nal position of the scene plane can be recorw@d.
V is the camera viewpoint andthe image plane. Error wé$b
and5% of the ground truth value for the closest and futher position
of the scene plane, respectively.

section we outline algorithms targeted for images degiatimoving sphere [8]
and [9]. These algorithms have been devised for high rasalutmages of
sports events depicting a moving ball. These algorithmssebased on the
image formation model of Equation 5.1.

A sphere contour is projected into an ellipse which allows,ta a scale
factor, to reconstruct the 3D sphere position. Typically $bale factor is xed
by means of the known ball radius. If blur is correctly haadliee 3D sphere
position and translation can be estimated directly frormglsiblurred image.

We assume that the ball is monochromatic and that it is mosmgmonochro-
matic background. This situation corresponds to the tramesy (or the alpha
matte) of the moving ball and gives, in each image pixel, tegntage of
exposure time it has been covered by the ball. Typically riéuesparency map
is assumed known [44, 72], as this can be estimated thanksetointerac-
tion [55, 79, 83, 90] or thanks to the knowledge of the backgb[31, 66, 82].

The ball 3D displacement is estimated from the transpareragy by tting
two ellipsesc; and c,, representing ball position at the opening and at the
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closure of the shutter, see Figure 5.5.

C2
C1 c
2

C1

g @ o C2

Figure 5.5.: The ellipses;, andc, represent the ball at the opening and closure
of the shutter. From these ellipses, it is possible thusdonstruct
the initial and nal position of the sphere in the 3D scene.

The analytical expressions of andc; are determined by tting two ellipses
to points of Figure 5.5, which are determined by analyzingirbBge pro les
of the blurred ball with the techniques presented in [8], Bggire 5.6. The
pro le analysis procedure corresponds to the estimatiorcafespondence
pairs( (0); (T)) of Section 5.1. Figure 5.7 shows algorithm performances
on camera images.

Once the 3D ball displacement is known it is possible to estignthe ball
rotation axis and the spin velocity [9]. The blur on imageoeg depicting the
ball surface is analyzed and, exploiting geometrical qainsis deriving from
sphere motion, it is possible to estimate the 3D positiorhefrbtation axis.
For a complete description of the algorithm, please refd®}o Figure 5.8
shows rotation axis estimated from camera images.
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Figure 5.6.: Procedure used for estimating points of edbmgs andc,, for a
detailed description see [8].

Figure 5.7.: Example of Algorithm [8] performances on caaienages.

Figure 5.8.: Example all rotation axis estimation: [9] jperiances on camera
images.
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6. Estimating Camera Rotation
Parameters from a Blurred
Image

A fast rotation of the camera during the image acquisiticgults in a blurred
image, which typically shows curved smears. We propose alragorithm
for estimating both the camera rotation axis and the camegalar speed from
a single blurred image. The algorithm is based on local amlyf the blur
smears. Contrary to the existing methods, we treat the negrergl case where
the rotation axis is not necessarily orthogonal to the infagae, taking into
account the perspective effects that affect the smears.

The algorithm is validated in experiments with synthetid aamera blurred
images, providing accurate estimates.

6.1. Rotational Blur Estimation

This paper concerns images corrupted by blur due to cam&toro or to a
rotating object in the scene. When the camera or the captinjedt are purely
rotating, the image blur is determined by only two factore ¢amera rotation
axisa and its angular spedd. We present a novel algorithm for estimating
botha and! , by analyzing the blur in a single image.

When the camera rotation axis and the angular speed are kriog/nota-
tionally blurred image can be restored by image coordinatassformation
and blur inversion. In broad terms, the image is transforfmad Cartesian to
polar coordinates so that the blur becomes space invamantan be inverted
using a deconvolution based algorithm. Estimating colgrébte camera rota-
tion axis and its angular speed is therefore crucial fororesj these images
as small errors in the polar transformation are ampli ed g blur inversion.
Moreover, estimating and! from a single image can be also of interest for
robotic application as these describe the camera ego-motio

Figure 6.1 shows an image acquired during camera rotatidre shapes
of the blur smears show that the blur is space variant. Tipidhese are



Figure 6.1.: A rotationally blurred image.

assumed arcs of circumferences, all having the same cétaeever, this ap-
proach neglects the perspective effects that occur wherotagon axis is not
orthogonal to the image plane. The proposed algorithm estisnthe camera
rotation axis in the most general case when it is not nedgssathogonal
to the image plane. To the best of our knowledge this issuenbesr been
correctly addressed before.

The early works concerning rotational blur were focused loin imodeling
and image restoration. Sawchuk [80], addressing the isEumage restora-
tion in case of spatially variant blur, described a modeltfigr rotational blur.
A restoration algorithm speci c for rotationally blurrechges has been pro-
posed in [84]. Recently, Ucast al. [87] have proposed a fast and parallel
implementation for restoration of space variant blurreddges, which is tested
also on rotational blurred images. All these methods asdinaiethe cam-
era rotation axis is perpendicular to the image plane ardotbth the angular
speed and the intersection between the rotation axis anehtige plane are
known. A different issue has been addressed in [77], whielsgnts a study
on the transformation from the image plane to a polar lattRekleitis [75]
provides an algorithm to compute the optical ow from a badrimage, using
image tessellation and analysing the Fourier spectrum adlseyions where
the blur is treated as space invariant. This algorithm has bested also on
rotationally blurred images.
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Besides the early works concerning rotational blur modedind restoration,
Hong and Zhang [39] addressed the issue of both rotationaldstimation
and removal. Their method is based on an image segment#biog eircum-
ferences to estimate the blur and restore the image selyarateese subsets.
Recently, an algorithm for estimating the camera rotatiomfa single blurred
image has been proposed [51]. The algorithm is meant as al\ggtoscope
and it is targeted to an ef cient implementation. In partau this algorithm
requires edges in the scene.

Jia [44] proposed an algorithm for estimating and removimg tblur due
to an object rotation in a single image, taking into accous a translation
component. However, this method require the user to marletisepoint of
blur smears at some pixels and to separate background froegrémnd in
order to estimate theansparency mapf the blurred object [55].

All the existing methods, concerning both image restoraod blur es-
timation, assume that the blur smears are arcs of circundeschaving the
same center. Therefore these methods are accurate onlyagesmvhere the
rotation axis is orthogonal to the image plane.

We present an algorithm for estimating the camera rotatsand angular
speed in the most general case, where the rotation axis isrtimigonal to
the image plane. The proposed algorithm is mostly targatifggh accuracy
rather than ef ciency and does not require the presence gé®th the scene.

6.2. Problem Formulation

We propose an algorithm for estimating the camera rotatksmaaand its an-
gular speed by analyzing a single blurred image acquired during camera
rotation. We assume that the camera is calibrated, thdaotakisa passes
through its viewpointv, i.e. V 2 a, andw is constant. Figure 6.2.a illus-
trates the situation typically considered in literaturdjene the rotation axis
is perpendicular to image plane The principal poinfP and the intersection
between the image plane and the rotation &is \ athen coincide. Anal-
ogous blur is obtained whem? andV 2 a, but the capture scene is planar
and parallel to [77].

In this work we consider the most general situation, illatgd in Figure
6.2.b, where is not orthogonal to and the camera viewpoim 2 a.

6.2.1. Image Blur

A blurring pathis de ned as the set of image pixels that a viewing ray inter-
sects during a camera rotation 2f around axisa. Figure 6.2 illustrates ex-
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Figure 6.2.: (a) Blurred image formatioa,? . Blurring paths are circumfer-
ences. (b) Blurred image formatioa,s not orthogonal to image
plane andV 2 a. Blurring paths are conic sections on the image
plane, while they are circular when projected on an ideatspal
sensor and on a plane perpendicular to the rotation axis.

amples of blurring paths. In rotationally blurred imagesrgwixel is merged
with neighboring pixels from the same blurring path, seauiFégs.1. The blur
is therefore space variant and cannot be represented asaa $hift invari-
ant system. We therefore model the rotational blur by anaipeK on the
original imagey so that the observed (blurred and noisy) image [4]

z(x)= Ky (xX)+ (X) x=(x1;%X2)2X; (6.1)

wherex are the coordinates in the discrete image don¥aind N (0; 2?)
is white Gaussian noise. The blur operatoican be written as
Z
Ky (x)= k(x;s)y(s)ds: (6.2)
X

wherek(x; ) is a kernel
k(x; )= Ae(); (6.3)

andA . corresponds to the point spread function (PSK). & .¢ is an arc of
the blurring path ax, i.e. it is an arc of conic section having tangent line with
direction and arc lengtte. The parameterse varies between image pixels
according to the rotation axé Other blurring effects, such as the out of focus
blur, lenses aberrations and camera shake, are not cogider

112



6.3. The Algorithm

The proposed algorithm consist of three steps: in the kg $he lines tangent
to blurring paths at some image pixels are estimated (Seétid.1). In the
second step, these lines are used in a voting proceduretimraging the rota-
tion axisa (Sections 6.3.2 and 6.3.3). The third step consists of tti@aton
of the angular speed (Section 6.3.4).

6.3.1. Blur Tangent Direction Estimation

Image blur is analyzed withilN image regions taken around selected pixels
fXigiz1::-n . There are no particular requirements in selecfimggi=1::::n ,
however smooth areas should be avoided, while coveringumiy the image.
Therefore we take the local maxima of the Harris corner nreapb], or
whenever these do not cover uniformly the image, we fak@i-1...n on
aregular grid.

Blur is analyzed using the approach proposed by Yitzletlat[94] for esti-
mating the direction of blur “smears” by means of directiaterivative lters.
This method, proposed for space invariant blurs with PShknigdirectilinear"
support, assumes the image isotropic. The blur dire®inestimated as the
direction of the derivative lted having minimum ! norm response

b: . i(d ~ . ) 6.4
arg gn[lorj] i( 2)jj1 (6.4)

wherejj(d ~ 2)jj1 = P wx J(d ~ 2)(x)j, the ! norm.
Equation (6.4) is motivated by the fact that the blur remaaléthe details
and attenuates edgesyoélong blur direction. Therefore the blur direction can
be determined by the directional derivative lter havingmmum energy. This
method cannot be directly applied to rotationally blurredhges, as the blur
is not space invariant because in every pixel the circumtsErapproximating
the blurring path (i.e the PSF) changes.
At x;, the center of each regiddy, we estimate the direction of the line
l; tangent to the blurring path iy, as
X 2
i =arg min wp (d ~ z)(xj) “:

210:
[0 ]XjZUi

(6.5)

wherew is a window function rotationally symmetric with respectie cen-
ter. By using Gaussian distributed weights, it is possibleetduce the in u-
ence of pixels in Equation (6.5) with the distance fram We adopted the
3 tap derivative Iters presented in [21] for blur analysis Equation (6.5).
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Figure 6.3.: Rotationally blurred image and plots of dil@zal derivatives en-
ergy in four regions.

These lters have been selected as they provide good agcaratas they are
separable. Experimgﬂally thé norm gave better results than thenorm.

Figures 6.3 shows x; 2U; Wi (d ~ z)(xj) ? as a function of 2 [0; ]
within regions of the blurred image containing isotropixttees or edges. Re-
gions containing edges, as pointed out in [51], can be ebguldor estimating
the camera rotation: inonly edges tangent to the blurring paths are preserved.
Formula (6.5) gives accurate results also whkrcontains a blurred edge, as
the direction minimizing the derivatives energy is the edgection, i.e the
blur tangent direction, see Figure 6.4

The directions tangent to the blurring paths, estimateti faitmula (6.5),
are therefore reliable also in regions containing blurrégies.

6.3.2. Voting Procedure for Circular Blurring Paths

When the camera optical axis and the rotation axisoincide, the blurring
paths are circumferences centeredCin \ a, see Figure 6.2.a. Circular
blurring paths are obtained also wharis parallel to the optical axis and the
scene is planar and parallel to the image plane [77, 39].i$nctiseC can be
determined by a Generalized Hough Transform [1].

The Generalized Hough Transform is a procedure for comguitbust so-
lution to a problem, given some input data. The proceduresi®ldoped by
means of a parameters spdewhich is the set of all the possible solutions.
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Figure 6.4.: (a) Two straight segments are rotated ar@liil) In the blurred
image, the part of the segments which are tangent to thermurr
paths are preserved, while the others are lost (in thosetdde
along radial lines).

A vote is assigned to every parameter that satisfy a datunthmdsummed to
the votes coming from the other data. After having consiietethe data, the
parameter which received the highest vote is taken as d@ulut

In our caseP is a discrete grid of all the possible location ©r2 and
data are the pairé;; ;) i1 =1;:;N. Note thatC could be outside of the
image gridX . Each datgx;; i) identi es a linel;, the line tangent to the
blurring path ak;. The set of all the possible rotation cent€rsgiven the line
li, is the line perpendicular g and passing througky .

Consider the root mean square error of each

P
i= El(i )7 (6.6)

where ; represents the true tangent blur directiox@andE[ ] the mathe-
matical expectation. Since we cannot directly compytewe approximate it
with an indirect measurement: for example considering thplidude of the
area near; in the energy function minimized in (6.5) or consideringpro-
portional to  (6.1). Noise standard deviation is estimated using [20VeGi

a datum(x;; ), we assign a full vote to all the exact solutions and we spread
smaller votes to the neighboring parameters, accordinigetetrors in ;.

Let nowp = ( p1; p2) represent a coordinate system in the parameters space
and assume; = 0 andx; = p; = (0;0). Let now model the vote, spread
assuming that along the lingg, = 1 the errors are distributed ag 2
N (O; ;). We model the vote spread so that along lme= Kk, the votes are
still Gaussian distributed with a full vote at the exact $olu (k; 0) and for
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Figure 6.5.: Weight function used for the votes spread.

neighboring parameters the votes depend only on the andjstance from,
see Figure 6.5. Therefore the following weight functiongsd for distributing
the votes in the parameter space (wkem p; = (0;0) and | =0),

ps

e 2 (6.7)

Vi(p1; p2) = exp
The votes weight function;, associated to other dafs&;; ;), correspond to
Equation (6.7) opportunely rotated and translated. Whigpagis (x;; i) i =
1;::;N have been considered, the parameter that received theshigbte is
taken as the solution, i.e.

X
p=arg max V(p); being V(p)=  vi(p): (6.8)
i=1

The coordinates of = \ aare determined from.
Figure 6.6 illustrates the voting procedure on a synthiyidalurred test
image.

6.3.3. Conic Section Blurring Paths

Assuming circular blurring paths reduces the complexigdlbdut gives inac-
curate solutions whenevaliis not perpendicular to. We present an algorithm
for estimatinga and! whenV 2 a andais in a general position w.r.t.. In
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Figure 6.6.: (a) Rotationally blurred image with some blangent direction
estimates. (b) Votes in the parameter space, (c) votesuento

particular, if we call ¢ a plane perpendicular &y ¢ is obtained by two ro-
tations of and from . We do not consideY 2 a as in this case the blur
would depend on the scene depth.

Votes in the parameters space illustrates what happeneciflar blurring
paths are assumed whatis not orthogonal to . Figure 6.7.a shows a blurred
image produced when the plane orthogonah torms angles =45 and

=0 with . If we treat the blurring paths as circumferences, the viotes
the parameters space do not point out a clear solution, asshd-igure 6.7.b
and 6.7.c.

Directions ; obtained from (6.5) represent the blurring paths tangestdi
tion, even when the blurring paths are conic sections. Baibthrring paths
themselves are not circumferences, thus lines perpenditulthese tangent
lines do not cross at the same point.

From basic 3D geometry considerations, and as pointed détlinit fol-
lows that the blurring paths are circumferences on an idalarical sensor
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Figure 6.7.: (a) Rotationally blurred image with rotatioisa =45 ; =
0 . (b) Votes assuming circular blurring paths, (c) votes corg.
(d) Votes obtained transforming the data withr 45 ; "=0, (e)
votes contours. The maximum vote in (d) is 33% higher than the
maximum vote in (b). This is due to the fact that transformtimg

data withM 45,0 the blurring paths become circumferences having
the same center.

S, Figure 6.2.b. Then, if we project the image fronon S surface, the blur-
ring paths become circumferences. Each of these circundesebelongs to a
plane and all these planes have the same normal: the rotatisa. Let now
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consider one of these planesg;, tangent to the sphere. The projections of the
blurring paths on ¢ are circumferences, Figure 6.2.b.

The plane and the plane ¢ are related by a projective transformation
determined by two parameters, namély ), the angles between the two
planes. DenethemaM . : 7! . asthe projection fronV between
and . , which is the plane tangent ®, forming angleg ; ) with [78].

We search fo( ; ) that project the blurring paths into circumferences, by
modifying the voting procedure of Section 6.3.2.

There is no need to transform the whole image With  as eacl, the line
tangent to the blurring path af, can be directly mapped vid . . Letv;
be the weight function (6.7) associated to dat¢g ;) i = 1;::;N mapped
viaM . . The parameters pair identifying the plang is estimated as

(n My=argmax V' (p. ); (6.9)
where
. . X
oF =argrggg,<v' P; Vv (p)=_ v (p): (6.10)

i=1

Figure 6.7.d and 6.7.e represent the votes in case the dagebkan trans-
formed according to the correctly estimated parameters 45 =0 .
These votes are much more concentrated than votes in Figuleahd 6.7.c.

Once” and” have been estimated, the camera rotation axdetermined
and it is possible to map the imageo M, ~(z). As said before, itM , ~(z)
the blurring paths are circumferences centerel at.(C) c\ aandit
is therefore possible to transforiwh,, ~(z) in polar coordinates for estimating
the angular speed. '

6.3.4. Angular Speed Estimation

OnceC has been determined, it is possible to transerpA(z) (the image
projected on ¢) on a polar latticd ; ) w.r.ttoM, ~(C) [77]. On the polar
lattice, the blur is space invariant with the PSF directerglines = const.

We estimate the PSF extent using the method proposed byakiiz[®4]
as this can be applied to a restricted image area, avoidieg livhich contain
several pixels of padding introduced by the polar transédiom. The PSF
extent, opportunely scaled by the factor due to the polaicéatresolution,
divided by the exposure time gives the camera angular speed.
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6.4. Implementation Details

We adopted the 3 tap derivative lters presented in [21] fturtanalysis in
equation (6.5). These Iters have been selected as theyigeayood accu-
racy and as they are separable. The separability allowsiaémentation as
only the responses to two basic lters need to be computed.eXperienced
also that the use of cross derivatives increases the agcafdbe estimated
blurring path tangent directions. This is due to the fact thlaen one deriva-
tive component is directed as the blur, the orthogonal corapbperforms
whitening on the image, reducing its intrinsic spatial etation [94]. More-
over using cross derivative lters reduces the range of tesiered angles
in (6.5) to[0; =2]. Then for determining the correct blur tangent direction
among ; and ; + =2 (with ; 2 [0; =2] solution of (6.5)), we compute the
responses w.r.t. derivative lters along and ; + =2 and we take the one
havinlg minimum energy. Moreover, as the plots in Figure B@asthat the
term ooy W (d ~ 2)(x;) ? varies smoothly w.r.t. , the minimization
could be done in a multi-scale manner, considering rst aseaet of angles
and then increasing the resolution in a neighborhood of timgmm. Finally,
the windoww in (6.5) has Gaussian weights with the maximum in the window
center.

In the voting procedure for estimating (") we considered two set of angles
A andB for and respectively. Foreach pair;, )2 A B, werunthe
voting procedure (6.10) sampling the functign . This makes the algorithm
computationally demanding. The voting procedure can bd spen a multi
scale implementation which can be appliedpB and also to the parameter
spaceP.

However, since the analytic expression of vote spread isvkngee Equa-
tion (6.7)), it is possible to use any numerical minimizattechniques.

6.5. Experiments

The algorithm has been validated both on synthetic and @ime&ges. Syn-
thetic images of Figure 6.8 have been generated with a mytsoftware [41]

rotating the camera in front of planar tiles of test imagekir&d images are
obtained averaging all the rendered frames, according tafitin (6.1). Ten

frames (512x512 pixels, grayscale 0-255) are rendered gudr mtation de-

gree. The blurring paths tangent directions are estimat&@1 equally spaced
regions having a 10 pixel radius, using formula (6.5).

Table 6.1 show¥ - (p. ) (the value of the maximum vote obtained with

(; )) as a percentage w.At" A(pA‘ ») (the maximum vote obtained with
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Figure 6.8.: Still and rotationally blurred synthetic inesg First row, left to
right: Boat ( =20; =0), Mandril( = 20,; =
20)andLena( =0 ; = 20). Second row: Boat, Man-
drill and Lena, rotationally blurred with an angular speéd 08
and 6 deg/s, respectively, assuming 1 second of exposuge lim
tersection between image plane and rotation axis is markdaw
red circle.

(* ™). Here(® ™) coincides with( ; ), the ground truth. Table 6.2 shows
the results at a second iteration considering a re nemenirat(” ’\)).

Table 6.3 shows results obtained on synthetic images of&ig8. Each of
them has been tested adding white Gaussian noise with sthddaation O,
0.5 and 1 and consideringand inA=B=f 40; 20;0;20;40¢g.
Algorithm performance are evaluated with )=j* jand ( )=j’\ j-
( €)and (") represent the absolute error between the ground truth &nd th
estimated values & = \ aand! , respectively.

The effectiveness of our algorithm is evaluated as

whereV 2 2(p ,. ) represents the maximum vote obtained among other pa-
rameterg ; ). The higher this ratio, the better. Finally, C%®) and ( ! %0)
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\ [-40]-20] 0 |20]40]
-40 || 33 | 52 | 72 | 53| 48
-20 || 39 | 52| 83 | 63| 44
0 34| 57| 83 | 63|43
20 40 | 55 | 100 | 55| 44
40 35| 42| 62 | 39| 34

Table 6.1.: Boat. Highest votes corresponding to () in the parameters
space, expressed as a percentage with respect to the maxioteim

| |-10] 0 [10]
10 || 71| 79 | 80

20 63 | 100 | 74
30 57 | 82 | 61

Table 6.2.: Re nement around (") from Table 6.1.

Figure 6.9.: Boat, Mandrill and Lena recti ed with the caponding esti-
mated ¢ "). Intersection between the image plane and the ro-
tation axis is marked with a red circle.

are the corresponding errors obtained assuming circularitg paths. Results
for noisy images represent the average over ten differaaemealizations.

Results reported in Table 6.3 show that our algorithm care ceith a rea-
sonable amount of noise, obtaining regularly better rediian the circular
blur assumption. This is more evident in the estimation efdhgular speed,
which lacks physical meaning when the rotation axis is notemly iden-
tied. Figure 6.9 shows blurred images of Figure 6.8 transfed with the
correspondingv , .

Camera imagés have been captured rotating a Canon EOS 46@#acan
atripod, assuring thatis orthogonal to the oor. The ground truth and
can be then computed rectifying still images of a checkerbaa the oor.
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image | [ ()[ ()] O] Jaduw) [ (%) [ (199]

Boat 0 0 0 2.20 | 0.23 | 20.44 33.06 4.83
Boat | 0.5 0 0 546 | 0.24 | 20.23 21.27 | 114.55
Boat 1 0 0 8.84 | 0.19 | 8.84 19.25 71.98
Mandrill | O 0 0 1.00 | 0.09 | 5.66 7.07 0.96
Mandrill | 0.5 2 2 148 | 0.11 | 6.13 4.81 2.85
Mandrill | 1 4 4 1.17 | 0.26 | 5.25 4.41 2.29
Lena 0 0 0 3.00 | 0.08 | 11.01 12.08 0.60
Lena | 0.5 0 0 3.88 | 0.20 | 14.06 33.64 64.94
Lena 1 0 4 523 | 0.48 | 6.00 29.43 62.58

Table 6.3.: Algorithm performance on synthetic images. Whe > 0, aver-
ages over 10 noise realizations.

Figure 6.10.: Blurred camera image. (@) Blurred image
( = 27, =0), (b) rectied image with estimated
N = 30, "=0 , (c) checkerboard with the same camera
inclination, (d) checkerboard rectiedwith= 30," =0 .

Figures 6.10.a and 6.12.a show the downsampled RAW conviertgayscale
used to test our algorithm. The blurring path tangent divestare estimated
on 187 uniformly spaced regions, having 10 pixel radius.
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Figure 6.11.: Comparison between circular (red) and coeitiean (green)
blurring paths on 6.10.a. Green blurring paths describesraor
curately the image blur.

Figure 6.12.: Blurred camera image. (a) Blurred image € 20, =
0), (b) recti ed image with estimated = 20, =0, (c
checkerboard with the same camera inclination, (d) chceed
reciedwith = 20," =0 .

Tables 6.4 and 6.5 show the results of the execution of twatitss of the
algorithm on Figure 6.10.a. The solution obtainedis 30 and” =0 ,
which is acceptable as the ground truth, obtained from tleelarboard, is
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\ [-40]-20] 0 |20]40]
-40 || 63 | 88 | 100 | 88 | 52
-20 || 62 | 77 | 78 | 70| 54
0 67 | 74| 80 | 70| 62
20 62 | 81| 85 | 65| 63
40 71| 73| 82 | 78| 77

Table 6.4.: Camera Image. Highest votes corresponding to)(n the param-
eters space, expressed as a percentage with respect toxineumea
vote.

| [-10] 0 |10]
50 || 82| 76 | 80

-40 || 81 | 96 | 72
-30 || 85 | 100 | 83

Table 6.5.: Camera Image. Re nement around’{) from Table 6.4.

( 27 ;0). Figure 6.11 points out the differences between the blgrpaths
estimated with the circular approximation (in red) and theic section paths
estimated by our method (in green). As clearly seen from #taild the blur
is correctly interpeted by the green blurring paths. Figufe® shows results
on another camera image, having= 20 and =0 . After two itera-
tions, the algorithm converges exactly to the correct smutFigures 6.10 and
6.12 show the blurred images and the checkerboard imagedewith the
estimated” ™).

6.6. Conclusions

We described a novel algorithm for estimating the cameiioot axis and the
angular speed from a single blurred image. The algorithrviges accurate
estimates also in the most challenging cases, when théorottis is not or-
thogonal to the image plane. To the best of the authors' kedgéd, none of the
existing methods handles these cases correctly since knmmtimods assume
circular blurring paths. We have shown how this assumptiaulyces inac-
curate estimates when the rotation axis is not orthogondidamage plane,
while our algorithm is more accurate.

The algorithm is aiming to high accuracy rather than ef @gnAccuracy
in the estimation of these parameters is a primary issuestoniag such im-
ages as the deblurring is typically based on a coordinatsfsamation and a
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deconvolution, which are highly sensitive to errors.
Ongoing works concern the design of a more noise-robustaodédtr blur

analysis on image regions and the implementation of a fasting proce-
dure.
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7. Future Work

In this thesis we addressed the issues of analyzing andirgstootion blurred
images, i.e. images where the blur is due to any camera mdtiguarticular
the focus was on the blur due to camera translation and thereaiotation. We
devised two innovative algorithms form estimating both bher parameters
and the camera motion when a single image, blurred becausansiation
or rotation is available. Moreover a restoration algoritfon radial blurred
images that takes into account also the image noise has lbepospd. We
also devised algorithms that exploit the image content dieioto estimate the
PSF parameters within corner regions.

The blurred corner detection and the adaptive region seteprocedures
presented in Chapter 2 have to be further investigated. &oimproved for-
mulation and more exhaustive experimental validation béldone in the next
furure.

Ongoing works concern blind deblurring algorithms for tmtaal and trans-
lational blur. We are investigating procedures for estintathe blur extent
parameter in radial blurred images, so that the restoraiigorithm presented
in Chapter 4 can be used in cascade with the epipolw estimatgorithm
of Chapter 3. We also are planning to model the statistiey #fie rotational
blur inversion, following the procedure illustrated in 8en 4.4.2, in order to
restore images corrupted by both rotational blur and nofdeo in this case
the crucial issue is the accuracy in the coordinate transition that maps the
blurred image on a plane orthogonal to the rotation axishasis required
when inverting the blur.

On the contrary, we are not planning to work on the depth ediim from
a single motion blurred image, presented in Chapter 5. le odsa more
generic camera motions depth estimation from a single dduimage may be
not feasible because of the orientation problem. Findikyaccuracy provided
by the blur estimates, seems not satisfying for depth reéngton. It will be
rather investigated how to exploit blurred frames in videquences and how
to perform blurred target detection and localization ingesand videos.






Techniques For Estimating
Standard Deviation of Additive
White Gaussian Noise from a
Single Image

Additive White Gaussian Noise (AWGN) is commonly used in gadorma-

tion models to consider electronic and thermal noise, dqeetiin errors and
most of signal independent random effects. In this thesisftem considered
AWGN (Chapters 3, 4 and in experiments of Chapters 1 and diasbise
term is commonly used to approximate the sum of the noise fildfarent

sources and the quantization errors (at least in correghpsed blurred im-
ages).

Noise standard deviation estimation is a preliminary stepeveral image
restoration (e.g. denoising and deblurring) and imageyaisalgorithms (e.qg.
background subtraction, tracking). This has been usechsixtdy also in this
thesis, for example in Chapters 1 and 2 for removing pixelsngasmall gra-
dient norm, in Chapter 4 it is used in the Shape Adaptive DQioding al-
gorithm. In Chapters 1, 3 and 6 the noise standard deviatsrbken used to
tune the amplitude of vote spread.

In this appendix we present an overview of existing techesgior estimat-
ing AWGN standard deviation from a single image and we focud/edian
of Absolute Deviation (MAD) based estimators.

State of the art in AWGN standard deviation
estimation in images

We consider the following observation model
z(x)= y(x)+ (x);  (x) N(@©; ) x2X (7.1)

wherey is the (unknown) true image value,represents the Additive White
Gaussian Noise (AWGN) that corrupts the observed imyagedx is a vector
representing pixel coordinates on image dom&in



We give an overview of methods for estimating the standawitlen of a
stochastic process, whose values (x) are independent and identically dis-
tributed realizations a Gaussian random variable fonagyX .

Algorithms that perform this task mainly follow two appro@s: the Iter-
ing approach and the block-based approach. A good survepenfiormance
comparison between some of these methods has been prelsg@ésen [71].

The ltering approach exploit the separation of noise frooetimage, which
is generally obtained subtracting from the (noisy) obséowaz a smoothed
observatiorzg obtained by Iteringz. This can be done using both linear and
non linear ltering such as averaging lters or block-wiseetian [71]. More
sophisticated algorithms following this approach havenbeger introduced:
Ranket al. [73] for example propose an algorithm based on Differeimat
Filters. Immerkaer [42] introduced a Laplacian mask Itggion the noisy
image that allows fast noise variance estimation. The saapéaktian Itering
followed by an Edge detector has been suggested in [16].

The ltering approach includes transform based algorittj@ig 20]. The
well known Donoho and Johnstone algorithm [20] is based onelga de-
composition and exploit the MAD estimator. This is also ritey based, as
Wavelets decompaosition [60], [61] exploits linear ltegrand down-sampling.
The wavelet detail coef cients are considered noise, afslittea motivates
the Wavelet Shrinkage method. Therefore the noise starisidtion can be
computed using a robust estimator, the Median of Absolutediiens (MAD),
directly on the rst order Wavelet detail coef cients. Thefgjormances of this
algorithm varies according to the number of vanishing masef wavelet
Iters. Typically Daubechies wavelets [18] with three vahing moments are
used.

In the block-based approach the noise standard deviatitiallinestimated
locally on each component of an image tessellation. Thetatstical proce-
dure selects the most reliable value between possible atamitviation esti-
mates [71], [63].

This basic idea has motivated several algorithms that coeenliering tech-
niques in order to separate the image noise, with sometsatatianalysis of
the standard deviation estimates on image blocks. In péati¢73] performs
AWGN standard deviation estimation on the whole image bymaing the
histogram of blocks (or local) noise standard deviatioineses and correct-
ing it according to some prior. A mixed approach has beemticsuggested
by Shinet al. [81], the idea here is to perform a Gaussian smoothing lter i
low-variance areas, which have been selected before wikbc&Hwise analy-
Sis.

An algorithm based on a completely different approach iswdesd in [91].
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It exploits the autocorrelation function of the noisy imadpained considering
1D shift. This histogram presents a maximum at zero whichespionds to the
case when image is point-wise multiplied with its non shiftersion. Since
noise is an i.i.d. process we have

E[ (xa) (xu)]=0 Xa & Xp; (7.2)

while
E[ (xa) ()= % Xa= X (7.3)

Therefore the autocorrelation values are not in uencedheyrtoise but in the
origin of the autocorrelation function. A spline or a Gaassiunction is tted
in a neighbor of the origin (excluding the origin itself) foet autocorrelation
values, estimating thus the autocorrelation of the naise-fimage (7.2). The
difference between the tted autocorrelation function ahd values of the
autocorrelation function in the origin represent the anomspeck which cor-
responds to the noise variance (7.3).

Median of Absolute Deviation for AGWN standard
deviation estimation

The Median of Absolute Deviation (MAD) [34] is a robust sttt for es-
timating the standard deviation of Gaussian samples. ltloam be used for
estimating the standard deviation of AWGN whereas the rfwasdeen ltered
from the image. Itis used in the wavelet based algorithm,[@@jch is one of
the most performing algorithms for AWGN standard deviagstimation.

Let us explain why robust estimators are used in conjunciiith Itering
based approaches. In these methods the separation of te froe the noise
is never performed exactly, and the ltered observatigiioes not correspond
to the original image. Thus,z  zg does not represent the pure noise. There-
fore the estimation of the standard deviation frem zg has to handle values
Z zswhich are not Gaussian distributed likeDifferentiating Iters typically
produce outputs of small magnitude on slow varying signeaith large values
in correspondence with rapid changes. Such large valuessants outliers
in noise estimateg,, and thus a robust estimator for the standard deviation is
preferred to the square root of the sample variance.

Letus introduce the MAD, in the context of a trivial Iteringased algorithm
for the AWGN standard deviation estimation. The noise sajiar step consist
of processing the image with differentiating lter, like

e=z~[1 1]=z(X1;x2) z(X1;X2+1); (7.4)

131



which consists in subtracting a shifted version of the noisgervation to the
observation itself. This is a basic high pass lter, therefe contains the
image high frequency, in uenced mostly by the noise.

The noise standard deviation is then estimated using the Mgtnator on
e. Itis de ned for Gaussian samplesas

median (j median( )j)
0:6745 '

Noise standard deviation can be estimated by using the MABad possibly
averaging the results obtained withobtained from horizontal and vertical
lters.

Wavelet based method [20] corresponds to usindD on e, whereas the
Iter [1; 1]in equation (7.4) is replaced by Daubechies Wavelet It&sn-
ilar noise estimators has been suggested also in [73] bdtinssascade, this
situation corresponds to Donoho' algorithm where lteredsare those of
Haar Wavelet decomposition.

b=mad( )=

(7.5)
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Characterization of Radial Blur

In this Appendix we derive a characterization of the radiak lsvhich have
been extensively used in Chapters 3 and 4.
In particular we assume that the blur is a linear processta.the original
imagey, i.e. that the blurred observati@rcan be written as in Formula (4.2) :
Z

z(x) = k(x;s)y(s)ds; x2X: (7.6)
X

We further assume that the blurring process preserves therm of the signal
Le.jjzjja = jiyii1.

The goal of this Appendix is to determine the PSKk ate k(x; ), in case
of camera translation toward planar scene.

From the epipolar constraints and the remarks of Sectior? 3i2follows
that the support of the PSFat, i.e. supgk(x;; )) is a straight line segment,
having direction

i = arctan Xi2  ©2

Xi1 €

wherex;.1 andx;.» are the horizontal and vertical coordinates on the image
grid, respectively.

Now we will prove the following Proposition,

(7.7)

Proposition 1 (Uniform blur) When the captured scene is planar and paral-
lel to the image plane, and when the camera is purely traimglatn continuous
image domain, each PSF has constant value on its suppomyeta@age pixel.

Proof. From Equation (7.7), it follows that in order to derive theFP&
X, it is enough to consider the pixels on the straight line anithage plane
passing througle andx. Moreover, for simplicity we prove the equivalent
case where the camera is static and the planar scene isattagsbward the
camera: see Figure 7.1. The initial and at the nal positibnhe scene are
indicated byS' andS', while the image plane is indicated by The scene
moves along the straight line throuyhande the camera viewpoint and the
epipole, respectively.



It follows, that the scene points that intersect the viewiag atx during
the the scene translation lies on the segme?X 99 This segment is obtained
by back-projecting or§' along the camera translation direction, the paint
which represents the intersection between the viewing maytlze scene plane
sf.

However, the blur in Equation (7.6) has to be expressed asaiidm of the
original imagey, not as a function of the scene. Therefore we intersect the
viewing ray associated tg§ “with and we obtain thaz(x) is given by the
integral overxx 9

Since the displacement has been covered at uniform speeq, goint of
xx00js taken into account with the same weight. It follows thaEuation
k(x; )= const.

Moreover, since the blur must preserve thenorm of the signal, we have
that Z

k(x;s)ds =1 andk(x; )= const:
X

|

Note that Proposition 1 holds also in caskel , and in this case we have
standard uniform motion blur case, like those assumed ind2.368, 94, 95].

Note that on the discrete image domain, Proposition 1 maiaidtbecause
nearX ®wider areas of the scene are imaged into a pixel than X&arThis
fact has been neglected in our discrete formulation of Grtagt Another
difference between discrete domain PSF and the continuousid PSF here
formulated concern the PSF values. While in continuous d@oreoposition
1, assure® SF(x) = const8x, in discrete domain this typically does not hold
because of subpixel interpolation. Therefore the PSF lisidsinti ed by its
direction and extent but it is not constant.

We will now prove that the blur extent, i.e. the size of the B8pport, at
each pixel is proportional to the distan@e.

Proposition 2 (Blur Extent) Leta be animage pixel, then under the assump-
tions of Proposition 1, it follows thdt the blur extent ak is proportional to
the distancae.

Proof. Leta andbbe two pixels, and let us start proving that, referring to
Figure 7.2,

b= eb) aal= ®a (7.8)

Note that thanks to Talete Theorem from

BBY= EB ) aa’= ea (7.9)
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Figure 7.1.: Blurred image formation in the purely transigcamera. In green
the viewing rays, the red line represents the camera displant
direction. The blue segment identi es the scene displacéraerd
while the scene point¥ %X %are imaged intcx.

follows relation (7.8).
In order to prove relation (7.9) we de ne

B
1B

o9)
=

m
-

Since the trianglAA %A is similar to the triangleX E;A;, the following
equalities hold

_ E1A; _ EVO EVO EiBj
A1A0  AAO  BBO B;BO
Thus relation (7.9) has been proved and relation (7.8)valo
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Figure 7.2.: Blurred image formation in the purely transigicamera. In green

the viewing rays, red represent the camera displacemesutidin.
The blue segment identi es the scene pixels that are blurregl.

We therefore proved that the blur extent at a pixed is proportional to its
distance from the epipolbeg, i.e.| = Xe.

However this does not conclude our proof as there is stilhtmshow that
the same coef cient holds for any radial line. This trivially follow from the
fact that image plane and scene are paralikl.

The following corollary concludes the proofs for derivinigetradial blur
model used in Chapter 4

136



List of Figures

0.1.

0.2.

0.3.

1.1.
1.2.
1.3.

1.4.

1.5.
1.6.

1.7.

Image corrupted by spatially variant blur. Blur is szt vari-

ant as the highlighted regions mandb show. At blurred
edges, there are in nite blur direction/ blur extent paingitt
representthe blur,see. . . . . .. ... ... ... ... .. 7
Blur parameters estimation using Fourier power spectiThe
Fourier power spectrum of motion blur PSFs presents zero-
patterns, which are clearly distinguishable on blurredtevhi
Gaussian noise, Figure @. The direction of these zero
patterns is related to the blur direction. However, the our
power spectrum of a blurred corner is mostly in uenced by the
image steps due to edges than from the PSF parameters, Figure
0.2c,d. . . . 8
Blur Parameters Estimation using derivative ItersheTdi-
rection having minimum energy response on white Gaussian
noise is the blur direction, Figure @®. However, at blurred
corners, the minimum energy direction is typically the ofie o

the steepest blurred edge, Figureddd3 . . . . . ... .. .. 9
Synthetic blurred corner . . . . . ... 14
The Binary Cornermodel . . . . . . ... ... ........ 16
Two possible cases for corner displacememtsatisfy Equa-

tion (1.6), whilebdoesnnot. . . . . . ... ... ... ... .. 16
Blurred cornermodel . . . . . ... ... L. 18
“x(uq;up) set of possible endpoint faf(x) . . . . ... ... 21

Votes in Parameter Space. (a) An illustration of theghvei
function " (uq; uz), used to spread the votes in the parameter
space. The vector represents the projection vee{or). (b)

The sum of votes in the parameter space, after having consid-
ered all data. The green vector represents the estimatedrcor
displacementvector. . . .. .. ... ... .. ....... 23
Test on Synthetic Testimages . . . . . ... ... ... ... 25



1.8. Example of synthetic test images used, PSF was dir@éed
degrees and lengtBO pixels, ina =0and = 0:08
whileinb =0:02and =0. ............... 25

1.9. Original and blurred house image. Blur has directiorB®f
degrees and 25 pixels length, analyzed regions are numbere26

1.10. Displacement vectoksestimated in selected regions of syn-
thetically blurredhousetest image. The solid line is the true
displacement vector, while the dotted line represents skie e
mated displacementvecter . . . .. ... ... ...... 26

1.11. Displacement vectossestimated in camera images. In each
plot, the solid line indicates the true displacement veotor
tained by matching corners of pictures at initial and natrea
era position. Dotted line represents the estimated dispiaat

VECIOIY. . . . . . o o e e e e 28
1.12. Figurea Original corner in imag® blurred cornerg setAg of
considered pixels andl votes in the space parameter . . . . . 29
1.13. Figurea Original corner in imag® blurred cornerg setAg of
considered pixels andl votes in the space parameter . . . . . 30
1.14. Figurea Original corner in imag® blurred cornerg setAg of
considered pixels andl votes in the space parameter . . . . . 31
1.15. Figurea Original corner in imag® blurred cornerg setAg of
considered pixels andl votes in the space parameter . . . . . 32
1.16. Figurea Original corner in imag® blurred cornerg setAg of
considered pixels andl votes in the space parameter . . . . . 33
1.17. Laboratory Image and selected regions . . . . . . ... .. 34
1.18. Algorithm results on a picture taken from a hand hefdera . 35
1.19. Blurred cornermodel . . . . . ... ... oL 36

1.20. Two different kind of corners: in the rst casa)(the inner
product in Equation (1.19) givels , while in the second case
(b) gives . Infact in casea the angle betweew andP (x)
is smaller than= 2 while in caseb this angle is larger thar 2. 37
1.21. Blurred corner region: pixeks, andxy, belong to two different

blurrededges. . . . . .. .. ... L 38
1.22. P(xa)and P(xyp) individuate via back-projection four cor-

ner displacement vectorswvy and v, . .. ... ...... 39
1.23. The same binary corner blurred with two different kdisp-

ment vectorsy, andw,. Their blurred edges coincide. . ... 40
1.24. 2d histogram of gradient. . . . . . . . ... .. ... ... .. 41
1.25. Examples of Synthetic Test Images from dataset. . . . . . 42
1.26. Cameraman synthetically blurred. . . . . . ... ... ... 4 4

138



1.27. TestonCameralmage. . . . ... ... ... . ... ..... 45

2.1.

2.2.
2.3.
2.4.
2.5.

2.6.
2.7.

3.1.

3.2.

3.3.

3.4.
3.5.
3.6.

3.7.
3.8.

3.9.

The corner Smears, pixels shaded belongs to the conears.

48

Zoom on an area containing some blurred corners of &igur
24@) . .. 49
In Red the Harris measure of Figure 2.2. The Harris mreasu
on the corner smears is larger than in neighboring pixels.. . 50

Blurred image and blurrededgemask. . . . .. .. ... ... 51
Harris measure and detected corners. . . . . . . . ... ... 2 5
Corner Region Selection . . . . .. ... ... ........ 53
Adaptive corner region selection and corner displacgmec-
torsestimation. . . . ... ... 54
Camera Displacement during the exposure. When thé&eshut

opens, the origif® of the 3D axis is in the camera viewpoint

with thez axis orthogonal to the image plane. When the shut-

ter closes, the camera viewpointreaces . . . . .. .. .. 62
Example of blur produced by a translating camerthe blur

is spatially invariant as the scene is planar, parallel tagen

plane ande ! 1 , b the blur is spatially variant even if the
scene is planar aslies on the image plane. . . . . ... ... 64
Example of blur produced by a translating camarthe blur is
spatially invariantevenié! 1 asthe scene is not planar (but

blur directions are constantl, the blur is spatially invariant

and the sceneisnotplanar . . ... ... ... ... ..... 65
a Synthetic image blurred according to Equation (3tShlur
directions at any pixek blur extents at any pixel . ... ... 66
Blur direction estimates at corners using the algorifre-
sentedin[5]. . . .. ... ... 67
Mean Harris measure as a function of blur extent . . . . . 68

Mean number of salient point as a function of blur extent. 69
The mean Harris measure on the original image compuwid o

the 10 pixel square size neighborhood of the salient poitfitan

blurred image, as a function of blurextent . . . . . .. .. .. 70
Voting procedure using the estimated directions onr€ig.5(a),

(a) Parameter space and corresponding votes distributed ac
cording to (3.9), (b) Votes are represented on the green-chan
nel,eis marked withredacross. . . ... ... ... ..... 72

3.10. Synthetic ImageSynth2-SynthandHouse8,House . . . . . 74
3.11. Result on Imagddouse8andHouse9 . . . . . . .. ... .. 75



3.12. TestsonRawData .. ... .................. 76
3.13. TestsonJpeg Cameralmages . . . . . . . . . .. .. .. ... 77

4.1. Camera translation vectorand its components, andug. . . 80
4.2. The blur centee and the radial lines. The segmentxain-
cludes samples of the original imagethat contribute to the
blurred observatiom(x) atx.. . . . .. .. ... ... .... 81
4.3. The blurring matrix, is an upper triangular  r matrix.
The upper part presents only a narrow band above the diagonal
where itis not null. The rows are de ned in formula (4.11) and

the non-zeroareshaded. . . ... ... ... ......... 84
4.4. Blur inversion with naive inverse and Tikhonov regizied in-
VEISE. . . e e e e e e e e 86

4.5. Algorithm performance on a radial blurred imageith noise. 87
4.6. The noise PSMg.25. Its values have been computed using

Equations (4.15)and (4.16). . . ... ... ... ....... 89
4.7. The functiorSy.2s (in red), approximatingN o.25 of Figure 4.6
(inyellow). . . .. .. .. ... .. 90

4.8. Top: examples of surfaces of revolutiB} andS¢ generated
from the cross-sectiong andd,. Bottom: S, approximation
of the noise PSIN,, obtained as the convex combination of
S) andS¢ de ned by Equation (4.17). . . . . ... ... ... 91
4.9. Examples of; andd, generating the surfac&’ andS,d. ... 92
4.10. PSD values used for computi§gwith | =1=120:::;110-120 93
4.11. Experiment 1: noise attenuation. The rst column shidiae
observations, the second column the corresponding regular
ized inversesR! | and the third column shows the restored
images. Restoration performance are listed in Table 4.2. . . 96
4.12. Blurred and noisy images ( rst and third column) anstoeed
images (second and forth column) obtained with the proposed
method. See Table 4.1 for parameters used in the experiments
and Table 4.2 for restoration performance in terms of RSME.
Row 1: “Cameraman” experiments 2 and 6. Row 2: “ House ”
experiments 2 and 3. Row 3: “House” experiments 4 and 5. . . 97
4.13. Blurred and noisy images ( rst and third column) anstoe=d
images (second and forth column) obtained with the proposed
method. See Table 4.1 for parameters used in the experiments
and Table 4.2 for restoration performance in terms of RSME.
Row 4: “Peppers” experiments 3 and 4. Row 5: “Peppers”
experiments 5 and 6. Row 6: “Aerial” experiments 2 and 3.
Row 7: “Aerial” experiments4and 5. . . ... ... ... .. 98

140



5.1.

5.2.

5.3.

5.4.

5.5.

5.6.

5.7.
5.8.

6.1.
6.2.

6.3.

6.4.

6.5.
6.6.

Texture in guresaandb show high self-similarity thus match-
ing feature betweea andb may be complicated. The corre-
spondence problem does not hold in when analyzing blurred

SMEAIS. . . . . o e e e 101
Estimated correspondence pairs from Figure 5.2(adeiGand
Blue points indicate the correspondence. . . . . ... ... .. 103

Estimated Depth from Figure 5.2(&Y. is the camera view-

point and the image plane. Error wéf6 the ground truth. . 104
Estimated Depth from Figure 5.2(a). Assuming a statioera

the initial and nal position of the scene plane can be recon-
structed. V is the camera viewpoint and the image plane.

Error was3% and5% of the ground truth value for the closest

and futher position of the scene plane, respectively. . . .. .105
The ellipsex; andc, represent the ball at the opening and
closure of the shutter. From these ellipses, it is posshuls t

to reconstruct the initial and nal position of the spheretie

3Dscene. . ... 106
Procedure used for estimating points of ellipseandc,, for

a detailed descriptionsee [8]. . . . . . . .. ... ... 107
Example of Algorithm [8] performances on camera images 107
Example all rotation axis estimation: [9] performanoa cam-
eraimages. . . . . ... 107
Arotationally blurredimage. . . . . .. .. ... ... .... 110
(a) Blurred image formatiorg ? . Blurring paths are cir-

cumferences. (b) Blurred image formati@ns not orthogonal

to image plane andV 2 a. Blurring paths are conic sections

on the image plane, while they are circular when projected on
an ideal spherical sensor and on a plane perpendicular to the

rotation axis. . . . . .. ... 112
Rotationally blurred image and plots of directionalizives
energy infourregions. . . .. ... ... ... 114

(a) Two straight segments are rotated ardifid) In the blurred

image, the part of the segments which are tangent to the blur-
ring paths are preserved, while the others are lost (in those
directed along radial lines). . . . . . ... ... .. ... ... 115
Weight function used for the votes spread. . . . . . . . .. 116

(a) Rotationally blurred image with some blur tangeinead

tion estimates. (b) Votes in the parameter space, (c) vaies ¢

tours . . . . 117



6.7. (@) Rotationally blurred image with rotation axis=45 ; =
0 . (b) Votes assuming circular blurring paths, (c) votes con-
tours. (d) Votes obtained transforming the data with=
45:" = 0 , (e) votes contours. The maximum vote in (d)
is 33% higher than the maximum vote in (b). This is due to the
fact that transforming the data witfl 45,0 the blurring paths
become circumferences having the same center. . . . . . . .. 118
6.8. Still and rotationally blurred synthetic images. Fisv, left to
right: Boat( =20; =0 ), Mandrill( = 20; =
20)andLena( =0; = 20). Second row: Boat,
Mandrill and Lena, rotationally blurred with an angular sge
of 6, 8 and 6 deg/s, respectively, assuming 1 second of expo-
sure time. Intersection between image plane and rotatign ax
ismarked witharedcircle. . . . ... ... ... .. ..... 121
6.9. Boat, Mandrill and Lena recti ed with the corresporglias-
timated (} A). Intersection between the image plane and the

rotation axis is marked witharedcircle. . . . ... ... ... 122
6.10. Blurred cameraimage. (a) Blurredimage€ 27, =0 ),

(b) recti ed image with estimated = 30, “=o0, (©

checkerboard with the same camera inclination, (d) checker

board rectiedwith* = 30," =0 . ... ......... 123

6.11. Comparison between circular (red) and conic sectioeef)
blurring paths on 6.10.a. Green blurring paths describeemor
accurately theimageblur. . . . . . ... ... 124
6.12. Blurred camera image. (a) Blurredimage € 20, =
0), (b) recti ed image with estimatedd = 20,” =0 , (c)
checkerboard with the same camera inclination, (d) checker
board rectiedwith* = 20, =0 . ... ... ...... 124

7.1. Blurred image formation in the purely translating ceamen
green the viewing rays, the red line represents the camsra di
placement direction. The blue segmentidenti es the scésie d
placement and while the scene poidt&€X are imaged into
e e e e 135
7.2. Blurred image formation in the purely translating ceemdn
green the viewing rays, red represent the camera displaiteme
direction. The blue segment identi es the scene pixels ginat
blurredinxi. . . ... ... ... . . . 136

142



List of Tables

1.1.

1.2.

1.3.

1.4.
1.5.

1.6.

1.7.

3.1.

4.1.

4.2.

4.3.

6.1.

6.2.
6.3.

Result on synthetic images: has direction 10 degrees and
length 20 pixels, 2 [0;0:02]and 2 [0;0:08]. ... ... 24
Result on synthetic images: has direction 70 degrees and
length 30 pixels, 2 [0;0:02]and 2 [0;0:08] . ... ... 24
Estimation error: distance betweerendpoint and displace-
ment vector, expressed in pixels, on each image region. . 27
Estimation error expressed in pixel unit on each imag®onR. 27
Result on corner of Figute25a, | 2 f 20; 30; 40g pixels, 2
f0;1575900 . . . . . . . . e 43
Result on corner of Figue25b, | 2 f 20; 30; 40g pixels, 2
f0;1575900 . . . . . . . . 43
Result on corner of Figue25c, | 2 f 20; 30; 40g pixels, 2
f0;20,60,800 . . . . . . .. 43
Testson Syntheticimages . . . . .. ... ... ........ 73
Experimental settings: blur extent and noise standiawtion

values used for testing the proposed algorithm. The thind ro

(in bold) shows the parameters used in the examples of Fgure
44and4.5. ... 94
Root mean squared error (RMSE) of each restored imadbe in
experimental settings of Table 4.1. Examples of the retora

quality are shown in Figures 4.12and 4.13. . ... ... ... 94
Execution times for a 256 256 test image on a AMD 64
1.81-GHz. . . . . . .. e 95

Boat. Highest votes corresponding to () in the parameters
space, expressed as a percentage with respect to the maximum

VOTE. . . . . e 122
Re nement around’ ") from Table6.1. . .. ... ... .. 122
Algorithm performance on synthetic images. When> 0,

averages over 10 noise realizations. . . . . . ... ... .. .. 123



6.4. Camera Image. Highest votes corresponding;to ) in the
parameters space, expressed as a percentage with respect to
the maximumvote. . . . . ... ... ... ... ... 125

6.5. Camera Image. Re nement arourfd {) from Table 6.4. . . . 125

144



Bibliography

[1] D. H. Ballard. Generalizing the hough transform to déetaditrary
shapes. pages 714-725, 1987.

[2] B. Bascle, Andrew Blake, and Andrew Zisserman. Motiobldeing and
super-resolution from an image sequencePioc. of European Confer-
ence on Computer Vision (ECC\ages 573-582, 1996.

[3] M. Ben-Ezra and S.K. Nayar. Motion based motion debhgri I[EEE
Transactions on Pattern Analysis and Machine Intelliger&(6):689—
698, Jun 2004.

[4] M. Bertero and P. Boccacdintroduction to Inverse Problems in Imaging
Institute of Physics Publishing, 1998.

[5] Giacomo Boracchi and Vincenzo Caglioti. Corner displaent from
motion blur. Ininproceedings of ICIAP 2007,Moden2007.

[6] Giacomo Boracchi and Vincenzo Caglioti. Motion blur igsition at
corners. Innproceedings of VISAPP 2007 Conference, Barcelpages
296-302, 2007.

[7] Giacomo Boracchi, Vincenzo Caglioti, and Alberto Dageg& stimating
camera rotation parameters from a blurred imagelnfmoceedings of
VISAPP 2008 Conference, Funchal Madei?@08.

[8] Giacomo Boracchi, Vincenzo Caglioti, and Alessandraigii Ball po-
sition and motion reconstruction from blur in a single pergiwe image.
In Inproceedings of ICIAP 2007,Moden2007.

[9] Giacomo Boracchi, Vincenzo Caglioti, and Alessandraissi Single-
image 3d reconstruction of ball velocity and spin from motldur. In
Inproceedings of VISAPP 2008 Conference, Funchal Mad2bas.

[10] Giacomo Boracchi, Alessandro Foi, Vladimir Katkovniend Karen
Egiazarian. Deblurring noisy radial-blurred images: sigtadaptive
Itering approach. InElectronic Imaging, Science and Technology, 2731
January 2008, San Jose, California, US®08.

145



[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

146

T.M. Cannon. Blind deconvolution of spatially invamtaimage blurs with
phase ASSP 24(1):58-63, February 1975.

T.F. Chan and C.K. Wong. Total variation blind decommn. IEEE
Transaction on Image Processing(3):370-375, March 1998.

AM.; Erdem A.T. Chang, M.M.; Tekalp. Blur identi cath us-
ing the bispectrum. Signal Processing, IEEE Transactions on [see
also Acoustics, Speech, and Signal Processing, |IEEE Tctinsa on]
39(10):2323-2325, Oct 1991.

Denis Chekhlov, Mark Pupilli, Walterio Mayol-Cuevaand Andrew
Calway. Real-time and robust monocular slam using prediatulti-
resolution descriptors. 18nd International Symposium on Visual Com-
puting November 2006.

Ji Woong Choi, Moon Gi Kang, and Kyu Tae Park. An alganittio

extract camera-shaking degree and noise variance in thetfzez do-
main. Consumer Electronics, IEEE Transactions, dd(3):1159-1168,
Aug. 1998.

B. R Corner, R. M.Narayanan, and S.E. Reichenbach. éNessimation
in remote sensing imagery using data maskifrg. J. Remote Sensing
24- 4:689 —-702, 2003.

K. Dabov, A. Fai, V. Katkovnik, and K. Egiazarian. In&r halftoning by
pointwise shape-adaptive DCT regularized deconvolutionProc. Int.
TICSP Workshop Spectral Methods Multirate Signal Progédsrence,
Italy, September 2006.

Ingrid DaubechiesTen Lectures on Wavelets (CB M S - N S F Regional
Conference Series in Applied Mathematicsyc for Industrial & Applied
Math, December 1992,

A. Davison. Real-time simultaneous localisation andpging with a
single camera, 2003.

David L. Donoho and lain M. Johnstone. Ideal spatialmdton by
wavelet shrinkageBiometrikg 81(3):425-455, 1994.

H. Farid and E.P. Simoncelli.  Differentiation of diste multi-
dimensional signals. IEEE Transactions on Image Processing
13(4):496-508, 2004.



[22] P. Favaro. Shape from focus and defocus: Convexitysiqgaavexity and
defocus-invariant textures. @omputer Vision, 2007. ICCV 2007. IEEE
11th International Conference ppages 1-7, 2007.

[23] Paolo Favaro and Stefano Soatt®@-D Shape Estimation and Image
Restoration: Exploiting Defocus and Motion-Blugpringer-Verlag New
York, Inc., Secaucus, NJ, USA, 2006.

[24] Quansheng Liu Feng Xue and Jacques Fromentl. An a contp-
proach for parameters estimation of a motion-blurred imag&pringer
Berlin / Heidelberg, editorlecture Notes in Computer Science, En-
ergy Minimization Methods in Computer Vision and Pattericdmition
2007.

[25] Rob Fergus, Barun Singh, Aaron Hertzmann, Sam T. Rowesl
William T. Freeman. Removing camera shake from a singleqaraph.
ACM Trans. Graph.25(3):787-794, 2006.

[26] Javier Portilla Filip Rooms, Wilfried Philips. Paratrie psf estimation
via sparseness maximization in the wavelet dom@favelet Application
in Industrial Processingll, 2004.

[27] Martin A. Fischler and Robert C. Bolles. Random sampesensus: a
paradigm for model tting with applications to image anatyand auto-
mated cartographyCommun. ACM24(6):381-395, 1981.

[28] A. Foi and K. Dabov. Pointwise shape-adaptive dct demxob
http://www.cs.tut. ~foi/SA-DCT.

[29] A. Foi, K. Dabov, V. Katkovnik, and K. Egiazarian. Shapeaptive DCT
for denoising and image reconstruction. Rroc. SPIE Electronic Imag-
ing: Algorithms and Systems Volume 6064A-18, San Jose, CA, USA,
January 2006.

[30] A. Foi, V. Katkovnik, and K. Egiazarian. Pointwise skeapdaptive DCT
for high-quality denoising and deblocking of grayscale aoldr images.
IEEE Trans. Image Procesd6(5), May 2007.

[31] Alessandro Giusti and Vincenzo Caglioti. Isolatingtion and color in
a motion blurred image. IRroc. of BMVC 20072007.

[32] Rafael C. Gonzalez and Richard E. Wood8®igital Image Process-
ing. Addison-Wesley Longman Publishing Co., Inc., Boston, NUSA,
2001.

147



[33] J. A. Guerrero-Colon, L. Mancera, and J. Portilla. Imagstoration
using space-variant gaussian scale mixtures in overceenplgamids.
IEEE Transactions on Image Processiig(1):27-41, January 2008.

[34] F.R. Hampel, E.M. Ronchetti, P.J. Rousseeuw, and Wtah&. Robust
Statistics: The Approach Based on In uence Functionsley, 1986.

[35] Chris Harris and Mike Stephens. A combined corner argkeatbtector.
In Proceedings of the 4th Alvey Vision Conferenpages 147-151, 1988.

[36] R. I. Hartley and A. ZissermanMultiple View Geometry in Computer
Vision Cambridge University Press, ISBN: 0521540518, secortibedi
2004.

[37] Samuel W. Hasinoff and Kiriakos N. Kutulakos. Confosséreo. In
Proc. of European Conference on Computer Vision (EC@&yes 620—
634, 2006.

[38] Ellen Catherine Hildreth.Measurement of Visual MotionMIT Press,
Cambridge, MA, USA, 1984.

[39] H. Hong and T. Zhang. Fast restoration approach fottimstal motion
blurred image based on deconvolution along the blurringgpadptical
Engineering 42:347-3486, December 2003.

[40] http:/iwvww.f lohmueller.de.
[41] http://www.povray.org/.

[42] John Immerkeer. Fast noise variance estimati@omputer Vision and
Image Understandings4(2):300-302, 1996.

[43] A. K. Jain, M. N. Murty, and P. J. Flynn. Data clusterirggreview.ACM
Comput. Sury.31(3):264-323, 1999.

[44] Jiaya Jia. Single image motion deblurring using tramspcy. Inlnpro-
ceedings of CVPR 2007, Minneapo007.

[45] V. Katkovnik. A spatially adaptive nonparametric regsion image de-
blurring. IEEE Trans. Signal Process47(9):2567-2571, September
1999.

[46] V. Katkovnik, K. Egiazarian, and J. Astola. A spatiabylaptive non-
parametric regression image deblurrinEEE Trans. Image Process.
14(10):1469-1478, October 2005.

148



[47]

[48]

[49]

[50]

[51]

[52]

[53]

[54]

[55]

[56]

Vladimir Katkovnik, Karen Egiazarian, and Jaakko AatolLocal Ap-
proximation Techniques in Signal and Image Procegslume PM157.
SPIE Press, 2006.

K. Egiazarian Katkovnik V., D. Paliy and J. Astola. Fusspcy domain
blind deconvolution in multiframe imaging using anisotimgpatially-
adaptive denoising. Proc. 14th European Signal Process. Conf, EU-
SIPCO 2006, Florence2006.

S. Kawamura, K. Kondo, Y. Konishi, and H. Ishigaki. mBsétion of

motion using motion blur for tracking vision system. World Automa-

tion Congress, 2002. Proceedings of the 5th Biannualume 13, pages
371-376, 9-13 June 2002.

I. Klapp and Y. Yitzhaky. Angular motion point spreadhfttion model
considering aberrations and defocus effedtsirnal of the Optical Soci-
ety of America A23:1856-1864, August 2006.

Georg Klein and Tom Drummond. A single-frame visual@gcope. In
Proc. British Machine Vision Conference (BMVC'Q%plume 2, pages
529-538, Oxford, September 2005. BMVA.

D. Kundur and D. Hatzinakos. Blind image deconvolutioSPMag
13(3):43-64, May 1996.

A. Levin, R. Fergus, F. Durand, and W.T. Freeman. Image @epth
from a conventional camera with a coded apertud&€M Transactions
on Graphics, SIGGRAPH 2007 Conference Proceedings, SaoDP&A

2007.

Anat Levin. Blind motion deblurring using image stétis. In
B. Scholkopf, J. Platt, and T. Hoffman, editoisgvances in Neural In-
formation Processing Systems. MIT Press, Cambridge, MA, 2007.

Anat Levin, Dani Lischinski, and Yair Weiss. A closedrio solution

to natural image matting. IGVPR '06: Proceedings of the 2006 IEEE
Computer Society Conference on Computer Vision and PaReoogni-
tion, pages 61-68, Washington, DC, USA, 2006. IEEE Computer-Soci
ety.

Huei-Yung Lin. Vehicle speed detection and identi icatt from a single
motion blurred imagewacv-motion 01:461-467, 2005.

149



[57] Huei-Yung Lin and Chia-Hong Chang. Automatic speed saeaments
of spherical objects using an off-the-shelf digital caméraMechatron-
ics, 2005. ICM '05. IEEE International Conference,@ages 6671, 10-
12 July 2005.

[58] Huei-Yung Lin and Chia-Hong Chang. Depth recovery fromotion
blurred imagesicpr, 1:135-138, 2006.

[59] D.G. Lowe. Distinctive Image Features from Scale-hwat Keypoints.
International Journal of Computer Visip80(2):91-110, 2004.

[60] S. G. Mallat. A theory for multiresolution signal decposition:
The wavelet representationlEEE Trans. Pattern Anal. Mach. Intell.
11(7):674—-693, 1989.

[61] Stéphane MallatA Wavelet Tour of Signal Processing, Second Edition
(Wavelet Analysis & Its Applicationspcademic Press, September 1999.

[62] Markku Vehvilainen Marius Tico. Estimation of motioituio point spread
function from differently exposed image frames. Rroceedings of Eu-
sipco 2006, 4-6 September 2006 Florence, [ta506.

[63] P.Meer, J.M. Jolion, and A. Rosenfeld. A fast parallgbaithm for blind
estimation of noise variancéEE Transactions on Pattern Analysis and
Machine Intelligencel2(2):216-223, 1990.

[64] Krystian Mikolajczyk and Cordelia Schmid. A perfornm@mnevaluation
of local descriptors|EEE Transactions on Pattern Analysis & Machine
Intelligence 27(10):1615-1630, 2005.

[65] Krystian Mikolajczyk, Tinne Tuytelaars, Cordelia Sold, Andrew Zis-
serman, J. Matas, F. Schaffalitzky, T. Kadir, and L. Van Géotompar-
ison of af ne region detectordnternational Journal of Computer Vision
65(1/2):43-72, 2005.

[66] Y. Mishima. Soft edge chroma-key generation based upExoctahedral
color space. U.S. Patent 5,355,174, 1993.

[67] Mohsen Ebrahimi Moghaddam and Mansour Jamzad. Linedomblur
parameter estimation in noisy images using fuzzy sets aneipspec-
trum. EURASIP Journal on Advances in Signal Processiip)7:Article
ID 68985, 8 pages, 2007. doi:10.1155/2007/68985.

[68] Mohsen Ebrahimi Moghaddam and Mansour Jamzad. Motianiden-
ti cation in noisy images using mathematical models andistiiaal mea-
sures.Pattern Recogn40(7):1946—-1957, 2007.

150



[69] James G. Nagy and Dianne P. O'Leary. Restoring imagesaded
by spatially variant blur. SIAM Journal on Scientic Computing
19(4):1063-1082, 1998.

[70] R. Neelamani, H. Choi, and R. Baraniuk. Forward: Fauwavelet reg-
ularized deconvolution for ill-conditioned systemEEE Trans. Image
Process52:418-433, 2004.

[71] S. Olsen. Noise variance estimation in images. PrdcS&IA, Tromsg,
Norway, may 25-28 1993.

[72] Jiaya Jia Qi Shan, Wei Xiong. Rotational motion debhgrof a rigid
object from a single image. Imternational Conference on Computer
Vision (ICCV), Rio de Janeiro, Brazi2007.

[73] K. Rank, M. Lendl, and R. Unbehauen. Estimation of imamgmgse
variance. Vision, Image and Signal Processing, IEE Proceedings-
146(2):80—84, 1999.

[74] Alex Rav-Acha and Shmuel Peleg. Two motion-blurredgesare better
than one Pattern Recogn. Left26(3):311-317, 2005.

[75] loannis M. Rekleitis. Optical ow recognition from thgower spectrum
of a single blurred image. Imternational Conference in Image Process-
ing, Lausanne, Switzerland, Sep. 1996. IEEE Signal ProceSsogety.

[76] loannis M. Rekleitis. Steerable Iters and cepstrahbysis for optical
ow calculation from a single blurred image. Mision Interface pages
159-166, Toronto, May 1996.

[77] S. Ribaric, M. Milani, and Z. Kalafatic. Restoration imhages blurred
by circular motion. Inmage and Signal Processing and Analysis, 2000.
IWISPA 2000. Proceedings of the First International Wodgsbn pages
53-60, 14-15 June 2000.

[78] C.A. Rothwell, A. Zisserman, C.l. Marinos, D.A. Forslit and J.L.
Mundy. Relative motion and pose from arbitrary plane curvégC,
10:250-262, 1992.

[79] M. Ruzon and C. Tomasi. Alpha estimation in natural is&gInPro-
ceedings of CVPR 2002000.

[80] A. A. Sawchuk. Space-variant image motion degradadiat restoration.
IEEE Proceedings60:854-861, 1972.

151



[81]

[82]

[83]

[84]

[85]

[86]

[87]

[88]

[89]

[90]

[91]

152

D.H. Shin, R.H. Park, S. Yang, and J.H. Jung. Block-daseise esti-
mation using adaptive gaussian IteringConsumer Electronics, IEEE
Transactions on51(1):218-226, 2005.

Alvy Ray Smith and James F. Blinn. Blue screen mattimSIGGRAPH
'96: Proc. of the 23rd annual conference on Computer grapldod in-
teractive techniquegages 259-268, New York, NY, USA, 1996. ACM
Press.

Jian Sun, Jiaya Jia, Chi-Keung Tang, and Heung-YeungrSHPoisson
matting. INACM SIGGRAPH 2004 Paperpages 315-321, New York,
NY, USA, 2004. ACM Press.

R. Takiyama and N. Ono. Restoration of rotationallyriea images.
In Pattern Recognition, 1988., 9th International Confereioce pages
1020-1022vol.2, 14-17 Nov. 1988.

Marius Tico and Markku Vehvilainen. Bayesian estiroatiof motion
blur point spread function from differently exposed imaganies. In
In Proceedings of 14th European Signal Processing ConéerdiU-
SIPCO), Florence, ltaly, September 4-8, 202606.

P. H. S. Torr and D. W. Murray. Outlier detection and roatsegmenta-
tion. In P. S. Schenker, editdBensor Fusion VIpages 432—-443. SPIE
volume 2059, 1993. Boston.

Bora Ucar, Cevdet Aykanat, Mustafa C. Pinar, and Talaldd. Parallel
image restoration using surrogate constraint methadzarallel Distrib.
Comput, 67(2):186—204, 2007.

Christopher B. Webster and Stanley Reeves. Radialdefnd with ffts.
In Proceedings of ICIP International Conference of Image Bssing,
Sant Antonio, USA2007.

Martin Welk, David Theis, and Joachim Weickert. Vaioai@l deblur-
ring of images with uncertain and spatially variant blursa DAGM-
Symposiumpages 485492, 2005.

Y. Wexler, A. Fitzgibbon, and A. Zisserman. Bayesiatireation of lay-
ers from multiple images. IRroc. of European Conference on Computer
Vision (ECCV)2002.

L. Yaroslavsky.Digital Holography and Digital Image Processing: Prin-
ciples, Methods, Algorithms Kluwer Accademic Publishers Boston,
2004.



[92]

[93]

[94]

[95]

[96]

[97]

Y. Yitzhaky, Mor I., Lantzman A., and N. S. Kopeika. Datemethod for
restoration of motion-blurred imagesournal of the Optical Society of
America A 15:1512-1519, June 1998.

Y. Yitzhaky and N. S. Kopeika. Identi cation of the blextent from
motion-blurred images. In G. C. Holst, editétoc. SPIE Vol. 2470, p.
2-11, Infrared Imaging Systems: Design, Analysis, Modelmd Testing
VI, Gerald C. Holst; Ed.pages 2—-11, May 1995.

Y. Yitzhaky and N. S. Kopeika. Identi cation of blur pameters from
motion blurred imagesGraph. Models Image Proces&9(5):310-320,
1997.

Y. Yitzhaky, R. Milberg, S. Yohaev, and N. S. Kopeika. r@parison of
direct blind deconvolution methods for motion-blurred gea. Applied
Optics 38:4325-4332, July 1999.

Lu Yuan, Jian Sun, Long Quan, and Heung-Yeung Shum. énulgplur-
ring with blurred/noisy image pairsdACM Trans. Graph.26(3):1, 2007.

Xiaohui Yuan and Bill P. Buckles. Subband noise estiorafor adaptive
wavelet shrinkageicpr, 04:885-888, 2004.

153



