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•
𝑥 𝑓𝜃 𝑥 = 𝑦

𝑓𝜃

𝜃 𝑓



𝑇𝑅 = 𝑥1, 𝑦1 , … , 𝑥𝑛, 𝑦𝑛

• 𝑥𝑖 ∈ ℝ𝑑

• 𝑦𝑖 ∈ Λ 𝑥𝑖

Λ

• Λ = { ,

• ℝ

Λ



𝑇𝑅 = 𝑥1, 𝑦1 , … , 𝑥𝑛, 𝑦𝑛

• 𝑥𝑖 ∈ ℝ𝑅×𝐶×3

• 𝑦𝑖 ∈ {"car" }
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Cars Motorcycles

CARMotorcycle
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{"car" }

•

•

•
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Λ
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𝑇𝑅 = 𝑥1, … , 𝑥𝑛

•

•

•

•













𝑇𝑅 = 𝑥1, … , 𝑥𝑛

•

•

•

•





Λ = {"wheel", "cars", …, "castle", "baboon"}

𝑥

𝑥



𝑥

𝑥

Λ = {"wheel", "cars", …, "castle", "baboon"}



𝑥 ∈ ℝ𝑅 × 𝐶 × 3

• 𝑦
Λ = {"wheel", "cars", …, "castle", "baboon"}

𝑥 → 𝑓𝜃 𝑥 ∈ Λ









𝑑 = 32 × 32 × 3 = 3072

http://www.cs.toronto.edu/~kriz/learning-features-2009-TR.pdf


𝒅 = 𝟑𝟎𝟕𝟐



𝒅 = 𝟑𝟎𝟕𝟐

•

•



𝒅 = 𝟑𝟎𝟕𝟐

•

•
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ො𝑦𝑗 = 𝑦𝑗∗ , being 𝑗∗ = argmin
𝑖=1…𝑁

𝑑( 𝒙𝑗 , 𝒙𝑖)

𝑑 𝒙𝑗 , 𝒙𝑖 = 𝒙𝒋 − 𝒙𝒊 𝟐
= ෍

𝑘
𝒙𝒋 𝑘

− 𝒙𝒊 𝑘

𝟐

𝑑 𝒙𝑗 , 𝒙𝑖 = 𝒙𝒋 − 𝒙𝒊 = ෍
𝑘

𝒙𝒋 𝑘
− 𝒙𝒊 𝑘



http://cs231n.stanford.edu/
http://cs231n.github.io/


𝑲 −

ො𝑦𝑗 = 𝑦𝑗∗ , being 𝑗∗ the mode of 𝒰𝐾 𝒙𝑗

𝒰𝐾(𝒙𝑗) 𝐾 𝒙𝑗

𝐾

http://cs231n.stanford.edu/
http://cs231n.github.io/
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𝑘

•

•

• 𝑇𝑅
𝑑

•

•



http://cs231n.stanford.edu/
http://cs231n.github.io/


𝑥𝒋 − 𝑥0 𝟐
≈ 𝑐𝑜𝑛𝑠𝑡 𝑗 = 1,2,3

𝑥0

𝑥1 𝑥2

𝑥3

http://cs231n.stanford.edu/
http://cs231n.github.io/
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𝑥1 − 𝑥0 𝟐

http://cs231n.stanford.edu/
http://cs231n.github.io/
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𝐱 ∈ ℝ𝑑





𝑇𝑅 = { 𝑥, 𝑦 𝑖 , 𝑖 = 1, … , 𝑁}

𝑥, 𝑦 𝑖 = (𝑥𝑖 , 𝑦𝑖)

• 𝑥𝑖 ∈ ℝ𝑅×𝐶×3

• 𝑦𝑖 ∈ Λ











𝑙 = "parcel"



𝑙 = "envelope"



𝑙 = "double"

𝑙 = "envelope"





80

A tree classifying image features

𝐱 ∈ ℝ2
𝐼1 ∈ ℝ𝑟1×𝑐1

𝒉

𝒂

ℎ < 3.5

truefalse

«envelope»

ℎ > 6.2

truefalse

«Parcel»
𝑎 < 200

«envelope» «Double»

truefalse





𝐼1 ∈ ℝ𝑟1×𝑐1

•

• 𝑻𝒊

ℎ < 3.5

truefalse

«envelope»

ℎ > 6.2

truefalse

«Parcel»
𝑎 < 200

«envelope» «Double»

truefalse

𝒉

𝒂

𝐱 ∈ ℝ2











𝑇𝑅 = { 𝑥, 𝑦 𝑖 , 𝑖 = 1, … , 𝑁}

•

•

•



𝐱 ∈ ℝ𝑑

(𝑑 ≪ 𝑟 × 𝑐)

𝑡 ∈ Λ

𝐼1 ∈ ℝ𝑟1×𝑐1









𝐼1 ∈ ℝ𝑟1×𝑐1

…

…… …

𝐱 ∈ ℝ𝑑
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•

•

𝐱 ∈ ℝ𝑑

…

…… …

𝑥1

𝑥𝑑



•

•

•

𝑃(𝑦 = "doub. "|𝒙)

…

…… …

𝑃(𝑦 = "env. "|𝒙)

𝑃(𝑦 = "parc. "|𝒙)

#Λ

𝐱 ∈ ℝ𝑑



•

•

…

…… …

𝐱 ∈ ℝ𝑑



𝑤𝑖,𝑗
𝑘 ∈ ℝ

• 𝑖th

(𝑘 − 1)

• 𝑗th

𝑘th

𝑏𝑖
𝑘

𝑖,𝑘

𝑤𝑖,𝑗
𝑘

𝑖,𝑗,𝑘
, 𝑏𝑖

𝑘
𝑖,𝑘

…

…… …

𝑜𝑖
𝑘 = tanh ෍

𝑗=1:𝑑

𝑤𝑖,𝑗
𝑘 𝑥𝑗 + 𝑏𝑖𝑥1

𝑥𝑑

𝑜𝑖
𝑘

𝑤1,1
1

𝑤1,2
1

𝒐 ∈ ℝ𝑝𝐱 ∈ ℝ𝑑

𝑜1
𝑘



•

•

tanh(⋅)

…

…… …

𝑜𝑖
𝑘 = tanh ෍

𝑗=1:𝑑

𝑤𝑖,𝑗
𝑘 𝑥𝑗 + 𝑏𝑖𝑥1

𝑥𝑑

𝑜𝑖
𝑘

𝑤1,1
1

𝑤1,2
1

𝒐 ∈ ℝ𝑝𝐱 ∈ ℝ𝑑

𝑜1
𝑘



•

•

tanh(⋅)

…

…… …

𝑜𝑖
𝑘 = tanh ෍

𝑗=1:𝑑

𝑤𝑖,𝑗
𝑘 𝑥𝑗 + 𝑏𝑖𝑥1

𝑥𝑑

𝑜𝑖
𝑘

𝑤1,1
1

𝑤1,2
1

𝒐 ∈ ℝ𝑝𝐱 ∈ ℝ𝑑

𝑜1
𝑘



…

…… …

𝑜1 = tanh ෍

𝑗=1:𝑑

𝑤1,𝑗
1 𝑥𝑗 + 𝑏1

𝑥1

𝑥𝑑

𝑤1,1
1

𝑤1,2
1

𝒐 ∈ ℝ𝑝𝐱 ∈ ℝ𝑑

𝑜1



ℎ

𝑎

𝑤1

𝑤2

𝑏

𝑜

𝑜 = tanh 𝑤1 ∗ ℎ + 𝑤2 ∗ 𝑎 + 𝑏



ℎ

𝑎

𝑠

𝑠 = 𝑤1 ∗ ℎ + 𝑤2 ∗ 𝑎 + 𝑏

𝑤1

𝑤2

𝑏

𝑜

o = tanh 𝑠



ℎ

𝑎

𝑠

𝑠 = 𝑤1 ∗ ℎ + 𝑤2 ∗ 𝑎 + 𝑏

𝑤1

𝑤2

𝑏

𝑇𝑅



𝑎 = 1.5 ℎ + 23
ℎ

𝑎

𝑠

𝑤1 = 1.5, 𝑤2 = −1 and 𝑏 = 23

𝑠 = 1.5 ∗ ℎ − 𝑎 + 23

𝑠 = 𝑤1 ∗ ℎ + 𝑤2 ∗ 𝑎 + 𝑏

𝑤1

𝑤2

𝑏



ℎ

𝑎

𝑠

𝑠 = 𝑤1 ∗ ℎ + 𝑤2 ∗ 𝑎 + 𝑏

𝑤1

𝑤2

𝑏

𝑤1 = 1.5, 𝑤2 = −1, 𝑏 = 23

𝑎 = 1.5 ℎ + 23



ℎ

𝑎

𝑠

𝑠 = 𝑤1 ∗ ℎ + 𝑤2 ∗ 𝑎 + 𝑏

𝑤1

𝑤2

𝑏

𝑤1 = 1.5, 𝑤2 = −1, 𝑏 = 23

𝑠 = 1.5 ∗ ℎ − 𝑎 + 23

𝑎 = 1.5 ℎ + 23



ℎ

𝑎

𝑠

𝑠 = 𝑤1 ∗ ℎ + 𝑤2 ∗ 𝑎 + 𝑏

𝑤1

𝑤2

𝑏

𝑤1 = 1.5, 𝑤2 = −1, 𝑏 = 23

𝑠 = 1.5 ∗ ℎ − 𝑎 + 23

𝑎 = 1.5 ℎ + 23



ℎ

𝑎

𝑠

𝑠 = 𝑤1 ∗ ℎ + 𝑤2 ∗ 𝑎 + 𝑏

𝑤1

𝑤2

𝑏

𝑤1 = 1.5, 𝑤2 = −1, 𝑏 = 23

𝑠 = 1.5 ∗ ℎ − 𝑎 + 23

𝑎 = 1.5 ℎ + 23



ℎ

𝑎

𝑠

𝑠 = 𝑤1 ∗ ℎ + 𝑤2 ∗ 𝑎 + 𝑏

𝑤1

𝑤2

𝑏

𝑠 = 1.5 ∗ ℎ − 𝑎 + 23

𝑜

o = tanh 𝑠

o = tanh 𝑠

𝑎 = 1.5 ℎ + 23



ℎ

𝑎

𝑠

𝑎 = 1.5 ℎ + 23

𝑠 = 𝑤1 ∗ ℎ + 𝑤2 ∗ 𝑎 + 𝑏

𝑤1

𝑤2

𝑏

𝑠 = 1.5 ∗ ℎ − 𝑎 + 23

𝑜

o = tanh 𝑠



ℎ

𝑎

𝑠

𝑎 = 1.5 ℎ + 23

𝑠 = 𝑤1 ∗ ℎ + 𝑤2 ∗ 𝑎 + 𝑏

𝑤1

𝑤2

𝑏

𝑠 = 1.5 ∗ ℎ − 𝑎 + 23

𝑜

o = tanh 𝑠



ℎ

𝑎

𝑠

𝑎 = 1.5 ℎ + 23

𝑠 = 𝑤1 ∗ ℎ + 𝑤2 ∗ 𝑎 + 𝑏

𝑤1

𝑤2

𝑏

𝑠 = 1.5 ∗ ℎ − 𝑎 + 23

𝑜

o = tanh 𝑠



ℎ

𝑎

𝑠

𝑎 = 1.5 ℎ + 23

𝑠 = 𝑤1 ∗ ℎ + 𝑤2 ∗ 𝑎 + 𝑏

𝑤2

𝑠 = 1.5 ∗ ℎ − 𝑎 + 23

𝑜

o = tanh 𝑠







𝑇𝑅 = { 𝒙, 𝒕 𝑖 , 𝑖 = 1, … , 𝑁}



𝑇𝑅 = 𝒙, 𝒕 𝑖 , 𝑖 = 1, … , 𝑁 ,

𝑓 𝒙, 𝑊 𝑊,

t 𝑊 𝑓

𝒙𝒊

𝑓 𝒙, 𝑊rand

𝒙𝒊 𝒕𝒊

𝑓 𝒙, 𝑊opt



𝑓
𝒕

𝐿(𝑊, 𝒙𝑖 , 𝒕𝑖) =
1

𝑁
𝑓 𝑊, 𝒙𝑖 − 𝒕𝑖

2

𝑊























𝑇𝑅 = 𝑥, 𝑦 𝑖 , 𝑖 = 1, … , 𝑁 ,

𝑓𝜃 𝜃,

t 𝜃 𝑓

𝒙𝒊

𝑓𝜃rand
𝒙

𝒙𝒊 𝒕𝒊

𝑓𝜃opt
𝒙



𝑇𝑅 = 𝑥, 𝑦 𝑖 , 𝑖 = 1, … , 𝑁 ,

ℒ 𝜃, 𝑇𝑅 ∈ ℝ

𝑓𝜃 𝑦
𝑇𝑅 𝑇𝑅

𝜃∗ = argmin
𝜃

ℒ 𝜃, 𝑇𝑅

𝜃



•

• ℒ 𝜃, 𝑇𝑅 𝜃
∇ℒ 𝜃, 𝑇𝑅 𝜃

•

𝜃(𝑖+1) = 𝜃(𝑖) − 𝛾∇ℒ 𝜃(𝑖), 𝑇𝑅

𝛾 > 0



𝜃∗ = argmin
𝜃

ℒ 𝜃, 𝑇𝑅

𝜃

ℒ𝜃



𝜃∗ = argmin
𝜃

ℒ 𝜃, 𝑇𝑅

𝜃

ℒ𝜃

𝜃(1)

𝜃1



𝜃∗ = argmin
𝜃

ℒ 𝜃, 𝑇𝑅

𝜃

ℒ𝜃

𝜃(1)

ℒ1 𝜃1, 
ℒ1 = ℒ(𝜃1, 𝑇𝑅)



𝜃∗ = argmin
𝜃

ℒ 𝜃, 𝑇𝑅

𝜃

ℒ𝜃

𝜃(1)

ℒ1 ∇ℒ 𝜃1, 𝑇𝑅



𝜃∗ = argmin
𝜃

ℒ 𝜃, 𝑇𝑅

𝜃

ℒ𝜃

𝜃(1)

ℒ1

𝜃(2)

𝜃2

𝜃2 = 𝜃1 − 𝛾 ∇ℒ 𝜃1, 𝑇𝑅

𝛾



𝜃∗ = argmin
𝜃

ℒ 𝜃, 𝑇𝑅

𝜃

ℒ𝜃

𝜃(1)

ℒ2

𝜃(2)

ℒ2

ℒ 𝜃2, 𝑇𝑅



𝜃∗ = argmin
𝜃

ℒ 𝜃, 𝑇𝑅

𝜃

ℒ𝜃

𝜃(1)

ℒ2

𝜃(2)

𝜃(2)

∇ℒ 𝜃2, 𝑇𝑅



𝜃∗ = argmin
𝜃

ℒ 𝜃, 𝑇𝑅

𝜃

ℒ𝜃

𝜃(1)𝜃(2)𝜃(3)

𝜃(3)



𝜃∗ = argmin
𝜃

ℒ 𝜃, 𝑇𝑅

𝜃

ℒ𝜃

𝜃(1)

ℒ3

𝜃(2)𝜃(3)

𝜃(3)



𝜃∗ = argmin
𝜃

ℒ 𝜃, 𝑇𝑅

𝜃

ℒ𝜃

𝜃(1)

ℒ4

𝜃(2)𝜃(3) 𝜃(4)

𝜃(4)



𝜃∗ = argmin
𝜃

ℒ 𝜃, 𝑇𝑅

𝜃

ℒ𝜃

𝜃(1)𝜃(2)𝜃(3) 𝜃(4)

∇ℒ 𝜃𝑛, 𝑇𝑅 ≈ 0



𝜃∗ = argmin
𝜃

ℒ 𝜃, 𝑇𝑅

𝜃

ℒ𝜃

𝜃(1)

ℒ(𝜃)

𝜃(2)𝜃(3) 𝜃(4)



𝜃∗ = argmin
𝜃

ℒ 𝜃, 𝑇𝑅

𝜃

ℒ𝜃

෠𝜃

෠𝜃



learning_rate = 0.5

optimizer = tfk.optimizers.SGD(learning_rate)

𝛾



learning_rate = 1e-3

opt = tfk.optimizers.Adam(learning_rate)







ℒ(𝜃, 𝑇𝑅) =
1

𝑁
෍

𝑖=1

𝑁

𝑓𝜃 𝑥𝑖 − 𝑦𝑖
2

𝑓𝜃 𝑥𝑖

𝑦𝑖

tfk.losses.MeanSquaredError()



𝑦 ∈ {0,1}

ℒ(𝜃, 𝑇𝑅) =
1

𝑁
෍

𝑖=1

𝑁

𝑦𝑖 log 𝑓𝜃 𝑥𝑖 + (1 − 𝑦𝑖) log 1 − 𝑓𝜃 𝑥𝑖

• 𝑓𝜃 𝑥𝑖 ≈ 0 𝑦𝑖 = 0

• 𝑓𝜃 𝑥𝑖 ≈ 1 𝑦𝑖 = 1

tfk.losses.BinaryCrossentropy()



#Λ > 2

ℒ(𝜃, 𝑇𝑅) =
1

𝑁
෍

𝑖=1

𝑁

෍

𝑗

#Λ

𝒚𝑖 𝑗 log 𝑓𝜃 𝑥𝑖 𝑗

𝒚𝑖 𝑗 𝑗th 𝒚𝑖

𝑓𝜃 𝑥𝑖

• 𝑓𝜃 𝑥𝑖 𝑗 ≈ 0 𝑦𝑖 𝑗 = 0

• 𝑓𝜃 𝑥𝑖 𝑗 ≈ 1 𝑦𝑖 𝑗 = 1

tfk.losses.CategoricalCrossentropy()

CategoricalCrossentropy







𝑇𝑅 = { 𝑥, 𝑦 𝑖 , 𝑖 = 1, … , 𝑁}





•

•



kfold = KFold(n_splits=num_folds, shuffle=True, random_state=seed)



kfold = KFold(n_splits=num_folds, shuffle=True, random_state=seed)

•

𝑁 − 1
•













•

•

•



patience = 150 #number of epochs to wait

early_stopping = tfk.callbacks.EarlyStopping(monitor='val_mse', 

mode='min', patience=patience,restore_best_weights=True)

callbacks = [_stopping ]
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ℒ 𝜃, 𝑇𝑅 =
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𝑁
෍

𝑖=1

𝑁

𝑓𝜃 𝑥𝑖 − 𝑦𝑖
2 + 𝜆 𝜃 2

2

𝜃(𝑖+1) = 𝜃(𝑖) − 𝛾∇ℒ 𝜃(𝑖), 𝑇𝑅

− 2𝜆𝜃

output_layer = tfkl.Dense(units=1,name='Output’, 

kernel_regularizer=tf.keras.regularizers.l2(l2_lambda))(

hidden_activation)



ℒ 𝜃, 𝑇𝑅 =
1

𝑁
෍

𝑖=1

𝑁

𝑓𝜃 𝑥𝑖 − 𝑦𝑖
2 + 𝜆 𝜃 1

output_layer = tfkl.Dense(units=1,name='Output’, 

kernel_regularizer=tf.keras.regularizers.l1(l1_lambda))(

hidden_activation)



ℒ 𝜃, 𝑇𝑅 =
1

𝑁
෍

𝑖=1

𝑁

𝑓𝜃 𝑥𝑖 − 𝑦𝑖
2 + 𝜆 𝜃 1 + 𝜇 𝜃 2

2

⋅ 1

output_layer = tfkl.Dense(units=1,name='Output’, 

kernel_regularizer=tf.keras.regularizers.L1L2(l1_lambda, 

l2_lambda))(hidden_activation)
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dropout = tfkl.Dropout(dropout_rate,

seed=seed)(hidden_activation)
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[−1,1]

max_df = X_train.max()

min_df = X_train.min()

X_train_val = (X_train_val - min_df)/(max_df -
min_df)

X_train = (X_train - min_df)/(max_df - min_df)

•

•
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https://colab.research.google.com/drive/1mWQqjFyGOYJ1mAGty2p6PwhJ_zYgtQgY#scrollTo=AoaLQpvChLpb
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Optimized for 
the task!

Easier to learn!
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Learned
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Learned
features

Hierarchical representation 
optimized for the task!Learn from data!

Deep Learning is about learning 
data representation from data!

But which data?





…

…… …

𝐼 ∈ ℝ𝑅×𝐶×3
𝐱 ∈ ℝ𝑑



𝐺 ∈ ℝ𝑅×𝐶

𝑅 ∈ ℝ𝑅×𝐶

𝐵 ∈ ℝ𝑅×𝐶

𝒙 ∈ ℝ𝑑

𝑑 = 𝑅 × 𝐶 × 3
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𝒙 ∈ ℝ𝑑 , 𝑑 = 3072

http://www.cs.toronto.edu/~kriz/learning-features-2009-TR.pdf
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𝑠1 = ෍

𝑗=1:𝑑

𝑤1,𝑗 𝑥𝑗 + 𝑏1

𝑤1,1

𝑤1,2

𝑤1,𝑑

𝑤𝐿,𝑑

𝑤𝐿,1

𝐿



Layer (type) Output Shape Param # 

=================================================================

Input (InputLayer) [(None, 32, 32, 3)] 0 

_________________________________________________________________

Flatten (Flatten) (None, 3072) 0 

_________________________________________________________________

Output (Dense) (None, 10) 30730 

=================================================================

Total params: 30,730

Trainable params: 30,730

Non-trainable params: 0
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ො𝑦𝑗 = argmax
𝑖=1,..,𝐿
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𝒔𝑗 𝒊
𝑖 −
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𝐬 = (𝑊1𝒙 + 𝒃1)W2 + 𝒃2 𝑊3 + 𝑏3
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𝑅 ∈ ℝ𝑅×𝐶 𝐺 ∈ ℝ𝑅×𝐶
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