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through separable 4-D nonlocal spatiotemporal transforms. IEEE TIP 2012











Ian Maddox [CC BY-SA (https://creativecommons.org/licenses/by-sa/4.0)]

By Dllu - Own work, CC BY-SA 4.0, https://commons.wikimedia.org/w/index.php?curid=64517567
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In collaboration with







A hand drawn sketch of a Porsche 911

A photo of a white 
fur monster 
standing in a 
purple room

A handpalm with 
a tree growing on 
top of it

A van Gogh style 
painting of an 
American football 
player

https://openai.com/dall-e-2/
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𝐺 ∈ ℝ𝑅×𝐶

𝑅 ∈ ℝ𝑅×𝐶

𝐼 ∈ ℝ𝑅×𝐶×3

𝐵 ∈ ℝ𝑅×𝐶



𝑅 ∈ ℝ𝑅×𝐶



[253, 5, 6]

[230,234, 233][0, 205, 155] [15, 17, 19]

[106,124,138]



𝐼 ∈ ℝ𝑅×𝐶×3

from skimage.io import imread

# Read the image

I = imread('bazar.jpg')

# Extract the color channels 

R = I[:, :, 0]

G = I[:, :, 1]

B = I[:, :, 2]

% Matlab

R = I(:, :, 1)

G = I(:, :, 2)

B = I(:, :, 3)





𝐼 ∈ ℝ𝑅 × 𝐶 × 3

𝑉 ∈ ℝ𝑅 × 𝐶 × 3 × 𝑇

𝑅 = 144, 𝐶 = 180
388.800

print(V.shape)

(144, 180, 3, 30)



𝑅 = 1080, 𝐶 = 1920 ≈ 6𝑀𝐵

≈ 150𝑀𝐵
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By en:User:Cburnett - Own workThis W3C-unspecified vector image was 
created with Inkscape., CC BY-SA 3.0, 
https://commons.wikimedia.org/w/index.php?curid=1496872



•

By Cburnett - Own work, CC BY-SA 3.0, 
https://commons.wikimedia.org/w/index.php?curid=1496858



The original uploader was Fibonacci at English Wikipedia., CC SA 1.0 <http://creativecommons.org/licenses/sa/1.0/>, via Wikimedia Commons



The original uploader was Fibonacci at English Wikipedia., CC SA 1.0 <http://creativecommons.org/licenses/sa/1.0/>, via Wikimedia Commons



The original uploader was Fibonacci at English Wikipedia., CC SA 1.0 <http://creativecommons.org/licenses/sa/1.0/>, via Wikimedia Commons
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A = 255* np.ones([330, 495, 3]) # initialize white flag

A = A.astype("uint8") # convert to integer to ease the color

WIDTH = A.shape[1]//3 # integer division to get an index

# left vertical band (green)

A[:, 0 : WIDTH, 0] = 0 # R: there is no red in the green of the italian flag 

A[:, 0 : WIDTH, 1] = 146 # G

A[:, 0 : WIDTH, 2] = 70 # B

# no need to modify the central band (white)

# right vertical band (red), it is possible to do a vector assignment 

A[:, WIDTH : -1, :] = [206, 43, 55] # from end - WIDTH till end



# visualize the matrix as an image

plt.imshow(A)

plt.axis("equal")

plt.title("italian flag!")





B

F



ul = [200, 350] # this is the location where 
the upper left corner of F will be placed in B

F_size = F.shape

Res = B.copy() # otherise this is considered as 
a reference and B will be modified

Res[ul[0] : ul[0] + F_size[0], 
ul[1] : ul[1] + F_size[1], : ] = F

plt.figure()

plt.imshow(Res)

plt.title("The (poorly) superimposed image")

ul = [200, 350] 



• 𝑀 𝐹

𝑀 𝐹

•

𝐵 𝑀 ∗ 𝐹 + (1 −𝑀) ∗ 𝐵

M



𝑀 𝐹 𝑀
𝐹

M3D = np.zeros([F_size[0], F_size[1]])

M3D = F.copy();

M3D[:,:,0] = M3D[:,:,0] > 240 # this are pixels that 

according to red, are background

M3D[:,:,1] = M3D[:,:,1] > 240 # this are pixels that 

according to green, are background

M3D[:,:,2] = M3D[:,:,2] > 240 # this are pixels that 

according to blue, are background

M = M3D[:,:,0] * M3D[:,:,1] * M3D[:,:,2] # these are pixels 

which are background for all the channels

M = 1 - M # the mask has to be the opposite, 1 where we 

need to keep F

M



𝐵

𝑀 ∗ 𝐹 + 1 −𝑀 ∗ 𝐵

S = B.copy()

S[ul[0] : ul[0] + F_size[0], ul[1] : ul[1] + F_size[1], 0] 

= M * F[:, :, 0] + (1 - M) * B[ul[0] : ul[0] + F_size[0], 

ul[1] : ul[1] + F_size[1], 0]

S[ul[0] : ul[0] + F_size[0], ul[1] : ul[1] + F_size[1], 1] 

= M * F[:, :, 1] + (1 - M) * B[ul[0] : ul[0] + F_size[0], 

ul[1] : ul[1] + F_size[1], 1]

S[ul[0] : ul[0] + F_size[0], ul[1] : ul[1] + F_size[1], 2] 

= M * F[:, :, 2] + (1 - M) * B[ul[0] : ul[0] + F_size[0], 

ul[1] : ul[1] + F_size[1], 2]

plt.figure()plt.imshow(S)

plt.title("The (correctly) superimposed image“)



𝐵

𝛼𝑀 ∗ 𝐹 + (1 − 𝛼) 1 −𝑀 ∗ 𝐵

S = B.copy()

S[ul[0] : ul[0] + F_size[0], ul[1] : ul[1] + F_size[1], 0] = M 

* F[:, :, 0] + (1 - M) * B[ul[0] : ul[0] + F_size[0], ul[1] : 

ul[1] + F_size[1], 0]

S[ul[0] : ul[0] + F_size[0], ul[1] : ul[1] + F_size[1], 1] = M 

* F[:, :, 1] + (1 - M) * B[ul[0] : ul[0] + F_size[0], ul[1] : 

ul[1] + F_size[1], 1]

S[ul[0] : ul[0] + F_size[0], ul[1] : ul[1] + F_size[1], 2] = M 

* F[:, :, 2] + (1 - M) * B[ul[0] : ul[0] + F_size[0], ul[1] : 

ul[1] + F_size[1], 2]

plt.figure()plt.imshow(S)

plt.title("The (correctly) superimposed image“)
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𝐺 𝑟, 𝑐 = 𝑇 𝐼(𝑟, 𝑐)

• 𝐼

• 𝐺

• 𝑇
• 𝑇: ℝ3 → ℝ

• 𝑇: ℝ3 → ℝ3

• 𝑇: ℝ → ℝ

𝑇



→

𝑇: ℝ3 → ℝ

𝐺𝑟𝑎𝑦 𝑟, 𝑐 = 0.299, 0.587, 0.114 ∗ [𝑅 𝑟, 𝑐 , 𝐺 𝑟, 𝑐 , 𝐵 𝑟, 𝑐 ]′

𝐺𝑟𝑎𝑦(𝑟, 𝑐) = 0.299 ∗ 𝑅(𝑟, 𝑐) + 0.587 ∗ 𝐺(𝑟, 𝑐) + 0.114 ∗ 𝐵(𝑟, 𝑐)



𝑇: ℝ3 → ℝ3

• 𝑌

• 𝐶𝑏 𝐶𝑟

• 𝑌

•



→

′ 0,1





𝐼

𝑇
(𝐼
)



𝐼 𝐺 = 𝑇(𝐼)



𝐼 𝑟, 𝑐 → 255 − 𝐼 𝑟, 𝑐

𝐼

𝑇
(𝐼
)

𝑇(⋅)



𝐼 𝐺 = 𝑇(𝐼)



0,255

• min 𝑇 𝐼 = 0

• max 𝑇 𝐼 = 255

𝐼

𝑇
(𝐼
)



0,255

• min 𝑇 𝐼 = 0

• max 𝑇 𝐼 = 255

𝐼 𝑟, 𝑐 → 255 ∗
𝐼 𝑟, 𝑐 − min(𝐼)

max 𝐼 − min(𝐼)

𝐼

𝑇
(𝐼
)

𝑇(⋅)

min 𝐼 max 𝐼



𝑇
(𝐼
)

img_vec = img_underexposed.flatten(); # unroll the image in a 
vector

# get the min and the max

min_img = min(img_vec)

max_img = max(img_vec)

print('The range of the image is [', min_img,',',max_img,']')

# apply intensity rescaling

img_scaled = 255.0 * (img_underexposed-min_img)/(max_img-min_img)

img_scaled = img_scaled.astype('uint8')



𝐼 𝐺 = 𝑇(𝐼)



𝐼 𝐺 = 𝑇(𝐼)



𝑇:ℝ → ℝ

𝐼
𝑇
(𝐼
)

𝑇(⋅)



𝑇:ℝ → ℝ

𝐼
𝑇
(𝐼
)

𝑇(⋅)

𝑇



𝑇:ℝ → ℝ

𝐼
𝑇
(𝐼
)

𝑇(⋅)

𝑇



𝐼 𝐺 = 𝑇(𝐼)



𝐺 𝑟, 𝑐 = 𝐼 𝑟, 𝑐 𝛾



𝐺 𝑟, 𝑐 = 𝐼 𝑟, 𝑐 𝛾

• 𝛾



𝐺 𝑟, 𝑐 = 𝐼 𝑟, 𝑐 𝛾

• 𝛾

• 𝛾

img_gamma = 255 * (img_gray/255) ** gamma



gammas = [0.05, 0.1, 1, 2, 5]

num_gammas = len(gammas)

for gamma in gammas:

img_gamma = 255 * (img_gray/255) ** gamma

# display the result

plt_idx = plt_idx + 1

plt.subplot(1, num_gammas + 1, plt_idx)

plt.imshow(img_gamma.astype('uint8’))

plt.axis('off’)

plt.title('gamma %.2f' %gamma)

plt.show()



𝑇:ℝ → ℝ

𝐼
𝑇
(𝐼
)

𝑇(⋅)

𝑇



𝑇:ℝ → ℝ

𝐼
𝑇
(𝐼
)

𝑇(⋅)





𝐼
𝑇
(𝐼
)

𝑇(⋅)



𝐼 𝑟, 𝑐 →
1 +𝑚𝑒

1 +
𝑚

𝐼(𝑟, 𝑐) + 𝜖

𝑒



𝐼 𝑟, 𝑐 →
1 +𝑚𝑒

1 +
𝑚

𝐼(𝑟, 𝑐) + 𝜖

𝑒



𝑇:ℝ → ℝ

𝐼
𝑇
(𝐼
)

𝑇(⋅)

𝑇





𝑇:ℝ → ℝ

𝐼
𝑇
(𝐼
)

𝑇(⋅)

𝑇 𝐼 𝑟, 𝑐 = ቊ
255, if 𝐼 𝑟, 𝑐 ≥ 𝛤

0, if 𝐼 𝑟, 𝑐 < 𝛤

𝛤



M3D = np.zeros([F_size[0], F_size[1]])

M3D = F.copy();

M3D[:,:,0] = M3D[:,:,0] > 240 # this are pixels that according to red, are 

background

M3D[:,:,1] = M3D[:,:,1] > 240 # this are pixels that according to green, are 

background

M3D[:,:,2] = M3D[:,:,2] > 240 # this are pixels that according to blue, are 

background

M = M3D[:,:,0] * M3D[:,:,1] * M3D[:,:,2] # these are pixels which are 

background for all the channels

M = 1 - M # the mask has to be the opposite, 1 where we need to keep F



𝑇:ℝ → ℝ

𝐼
𝑇
(𝐼
)

𝑇(⋅)

𝛤

𝛤

𝑇





𝑇:ℝ → ℝ

𝐼
𝑇
(𝐼
)

𝑇(⋅)

𝑇 𝐼 𝑟, 𝑐 = ൝
𝑇 𝐼 𝑟, 𝑐 , if 𝐼 𝑟, 𝑐 ≥ 𝛤

0, if 𝐼 𝑟, 𝑐 < 𝛤

𝛤

𝛤







𝐼 {ℎ𝑖}



{ℎ𝑖} 𝐼
𝑖 = 0,… , 255

ℎ𝑖 = #{ 𝑟, 𝑐 , s. t. 𝐼 𝑟, 𝑐 = 𝑖}

#

[h, bins] = hist(I, bins)



𝐼

𝑖 = 100

ℎ
1
0
0
=
1
1
5
0













• 0, 𝐿

• {ℎ𝑗} 𝑝𝑗 = ℎ𝑗/𝑁

𝑗

𝑇 𝑖 = floor 𝐿 − 1 ෍

𝑗=0

𝑖

𝑝𝑗







𝑛𝑖 = {𝐼 𝑟, 𝑐 = 𝑖}

𝑖
[0, 𝐿]

𝑇 𝑖 =?

[0, 𝐿]



𝑝𝑖 = 𝑛𝑖/𝑁

𝑖
[0, 𝐿]

𝑇 𝑖

[0, 𝐿]

𝑇 𝑇 𝑖



𝑖
[0, 𝐿]

𝑇 𝑖

[0, 𝐿]

𝑇 𝑇 𝑖

𝑝𝑖 = 𝑛𝑖/𝑁



𝑖
[0, 𝐿]

𝑇 𝑖 = 50%𝐿
[0, 𝐿]

෍

𝑗=0

𝑖

𝑝𝑗 = 50%

𝑇 𝑖 = 𝐿σ𝑗≤𝑖 𝑝𝑗



𝑖
[0, 𝐿]

𝑇 𝑖
[0, 𝐿]

𝑇 𝑖 = floor 𝐿 − 1 ෍

𝑗=0

𝑖

𝑝𝑗



𝑇 𝑖 = floor 𝐿 − 1 ෍

𝑗=0

𝑖

𝑝𝑗

𝐶𝐷𝐹 𝐼

𝑃𝐷𝐹 𝐶𝐷𝐹 𝐼 ∼ 𝑈(0,1)

𝑇 ⋅ = 𝐶𝐷𝐹(⋅)
in opencv
cv.equalizeHist(img)



𝐶𝐷𝐹𝐼(𝑖)

𝑖 𝑖′



𝐶𝐷𝐹 𝐼

𝑃𝐷𝐹 𝐶𝐷𝐹 𝐼 ∼ 𝑈(0,1)

𝑌 = 𝑇 𝑋 = 𝐶𝐷𝐹𝑋 𝑋 , 𝐶𝐷𝐹𝑌 𝑦 = 𝑦.

𝐶𝐷𝐹 ത𝑦 = 𝑃 𝑌 ≤ ത𝑦 = 𝑃 𝑇 𝑋 ≤ ത𝑦 = 𝑃 𝑋 ≤ 𝑇−1(ത𝑦) =

𝑇 𝑇−1 ത𝑦 = ത𝑦



# loop through all the image pixels

for r in range(img.shape[0]):

for c in range(img.shape[1]):

intensity_value = img[r,c]

# transform the pixel to a new intensity value

new_intensity_value = np.floor(255 * np.sum(p[0:intensity_value]))

img_T[r,c] = new_intensity_value







(𝑟, 𝑐)

• 𝑁 × 𝑁 (𝑟, 𝑐)

• 𝑇𝑟,𝑐
• (𝑟, 𝑐) 𝑇𝑟,𝑐 𝐼 𝑟, 𝑐





𝐼1 𝐼2
𝐼1 𝐼2



𝑖′ = 𝑇 𝑖 , such that

𝐶𝐷𝐹1 𝑖 = 𝐹 𝑖 = 𝐺(𝑖′) = 𝐶𝐷𝐹2(𝑖
′)

𝑖′′ = 𝐺−1(𝐹(𝑖))

𝐹, 𝐺



𝑇: 𝑖 ↦ 𝑖′

i_prime = np.argmin(np.abs(cdf_1[i] – cdf_2))

𝐶𝐷𝐹1(𝑖)

𝐶𝐷𝐹2(𝑖′)

𝑖 𝑖′



def histogram_match(source_image, target_image):

# Compute histograms of the source and target images

source_hist, _ = np.histogram(source_image, bins=256, range=(0, 256), density=True)

target_hist, _ = np.histogram(target_image, bins=256, range=(0, 256), density=True)

# Compute cumulative distribution functions (CDFs) of the histograms

source_cdf = source_hist.cumsum()

target_cdf = target_hist.cumsum()

# Initialize an empty mapping for pixel values

mapping = np.zeros(256, dtype=np.uint8)

# Perform histogram matching

for i in range(256):

# Find the closest value in the target CDF for each value in the source CDF

closest_value = np.argmin(np.abs(source_cdf[i] - target_cdf))

# Map the source pixel value to the closest target pixel value

mapping[i] = closest_value

# Apply the mapping to the source image

matched_image = mapping[source_image]

return matched_image





𝐹

𝐺













(𝑟, 𝑐)

𝐼 𝐺
(𝑟′, 𝑐′)

𝐺 𝑟′, 𝑐′ =?𝐼(𝑟, 𝑐)

𝑇

𝑇



𝑇γ

𝐼

𝑇𝐻



𝑇γ

𝐼
𝐺 𝑟, 𝑐 = 255(𝐼(𝑟, 𝑐)/255) 𝛾

𝑇𝐻

𝐼



•

•

• 𝛾

•
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